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Abstract 
The aim of the work presented in this thesis is to provide tools to extend modelling 
capacities and improve quality and reliability of bulk and guided wave propagation 
models using commercially available finite element (FE) packages. 
During the development process of NDT inspection techniques, the knowledge of the 
interaction of waves with defects is key to the achievement of robust and efficient 
techniques as well as identifying potential weaknesses. The reflection of ultrasound 
from cracks and notches of simple geometry and orientation is already well 
understood, but there are few results for more complex cases. A discrete approach is 
needed to model how the waves interact with discontinuities, including structural 
features, cracks, corrosion or other forms of defects. FE methods have been used to 
model a wide range of bulk and guided waves problems and have successfully 
provided important information about wave interaction with discontinuities. In these 
studies, defects were strongly simplified. One reason for this is that initial work is 
bound to focus on the simplest cases, but many modellers are ready to go on to more 
complex problems. The reason that so little of that is happening is that, despite rapid 
growth in computer power, many of the more complex realistic problems are still 
beyond the capacity of the models. The more complex problems require much larger 
models than the simplified ones, and so have remained out of reach. 
This can be changed by using innovative techniques and improving the quality and 
reliability of modelling by taking the right decisions during the modelling process. 
Perfectly matched layers (PML) and absorbing layers using increasing damping 
(ALID) enabling a reduction in the model geometric size are implemented in 
commercially available FE packages. Analytical models are developed in order to 
facilitate the achievement of high computational efficiency. Demonstrator cases 
highlight the gains achieved by the use of these techniques. 
As the choice of mesh density is crucial in defining the resources necessary to solve a 
model, a study of the influence of meshing parameters for various element types and 
numerical schemes on the propagation velocity is performed. This provides 
information helping modellers to reach the right modelling compromises thanks to an 
improved understanding of the consequences of the decisions made. 
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The accuracy of defect modelling is investigated for a range of situations and 
modelling strategy. The weight of the choice of the right strategies is demonstrated. 
The potential implementation of local mesh refinement in commercially available FE 
packages is considered and discussed in the context of the choices open to the 
modellers. 
The outcome of the use of the techniques and information presented in this thesis is a 
significant improvement in FE modelling of waves in elastic media. 
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During the development process of ultrasonic NDT techniques, the knowledge of the 
interaction of waves with defects is key to the achievement of robust and efficient 
procedures as well as identifying potential weaknesses. Any problems such as poor 
sensitivity to certain shapes and orientation needs to be identified as early as possible. 
The reflection of ultrasound from cracks and notches of simple geometry and 
orientation is already well understood, but there are few results for more complex 
cases, for example from the multiple-crack geometry of stress corrosion cracking, or 
from realistic profiles of corrosion. 
Against this background, experience has shown that, as NDT is developed for 
increasingly challenging applications, it has become increasingly important to start 
with careful modelling studies in order to be confident that the procedures which are 
developed are optimized and robust. Indeed in the particular topic of guided waves it 
is universally accepted that this is the only viable approach. Whereas various wave 
models, such as ray models for bulk wave problems or DISPERSE [1] for guided wave 
problems can predict the properties of waves in continuous uniform structures, a 
discrete approach is often needed to model how the waves interact with discontinuities, 
including structural features, cracks, corrosion or other forms of defects. Finite 
Element (FE) methods have been used to model a wide range of guided waves 
problems [2,3,4,5,6,7] and have successfully provided important information about 
wave interaction with discontinuities [8,9,10,11,12,13]. In these studies, defects 
were simplified and straight cracks, notches or cylindrical holes were used to represent 
real defects such as fatigue cracks or corrosion patches. One reason for this is that 
initial work is bound to focus on the simplest cases, but many modellers are ready to 
go on to more complex problems. The reason that so little of this is happening is that, 
despite rapid growth in computer power, many of the more complex realistic problems 




larger models than the simplified ones. In a similar way, modelling of bulk wave 
propagation and scattering has also received a huge amount of interest with many 
techniques being used but many cases remain out reach. 
1.2. Objectives 
As engineers involved in developing ultrasound NDT applications, our goal is to find 
computationally efficient techniques to improve modelling capacity and quality. 
Commercially available FE packages are chosen from the outset. This decision is 
based on the fact that they not only offer memory efficient and robust solvers but also 
remove the highly complex and time consuming necessity of developing and 
maintaining a specialist FE code. It is worth mentioning that most of the commercial 
packages have interactive user-friendly pre and post-processing tools which greatly 
increase their flexibility and ease of use. The choice of commercially available FE 
packages is also motivated by the fact that they enable new techniques to be quickly 
transferred to industry where these products are already or could easily be available 
and where a specific unsupported research code would be difficult to maintain. Two 
FE packages from a range available on the market are selected and used in this work: 
ABAQUS [14] and COMSOL Multiphysics [15]. ABAQUS is chosen because it is 
widely available, well developed and supported. Its level of performance is confirmed 
by the fact that it is used in many industries. COMSOL Multiphysics (formerly known 
as FEMLAB) is a relatively new software which gives more control to users. This 
means that it has an increased flexibility compared to ABAQUS but as it is a "young" 
package it is not yet so widely available in the industry. At the time of writing, it is 
noted that COMSOL is generally not as efficient as ABAQUS. The tools available 
clearly influenced the direction of our research but the findings are not limited to these 
two packages only as numerous other packages share the same basis to solve problems. 
In this context, various aspects of the modelling process have the potential to provide 
users with improved results. 
One aspect is that related to the existence of unwanted reflections from the boundaries 
of a FE model. This has been a limiting factor for FE wave modelling. In time domain 
solving, it leads to a large increase in the model geometric size (and therefore a large 




to separate in time the interaction of the waves with defects from unwanted boundary 
reflections. This point is illustrated in Figure 1.1 where it can be seen that the modelled 
area is much larger than the area of interest in order to fulfil this. Moreover, in 
frequency domain solving, removal of unwanted reflections is a requirement in order 
to correctly represent wave propagation in the system [ 16]. 
a) Geometric area Reflection 
Reflection+ of interest +Transmission Reflection+ 
Conversion Incident wave +Conversion 
Conversion 
M+ +Monitoring 
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Figure 1.1. a) 2D plane strain model of a plate including a defect, b) Time signal at the monitoring 
point 
Being able to represent total radiation outside the area of study in numerical wave 
propagation models at a reasonable cost would enable a large increase in 
computational efficiency. This topic has attracted a vast amount of interest in the last 
25 years [17]. Well known techniques include infinite elements [18], boundary integral 
methods [19], non reflecting boundary conditions (NRBC) [20] and absorbing layer 
techniques [5,16,21,22,23,24]. 
Another key aspect in the field of NDT is the precise knowledge of wave propagation 
velocities. The time of flight of a wave packet has been widely used to determine the 
position of defects in structures in many ultrasound industrial applications. Recently, 
imaging algorithms [25] and super resolution of defects [26,27] have been 
investigated for NDT applications. Research in these techniques is very much active as 
their use holds promises of improved applications not only in NDT but also in the 
medical field. In the process of moving from the genesis of a numerical model to its 
conclusion and the obtention of results enabling a better understanding of a physical 




technique, mesh density or time step influences the successful outcome of the exercise 
but also the level of accuracy with which the phenomenon is represented. Discreti- 
zation of the space and time leads to a discrepancy between theoretical physical values 
and their actual values measured in the model. One of the parameters suffering from 
this is the wave propagation velocity in elastic media. It would be beneficial to provide 
modellers with information enabling the improvement of not only the quality of their 
modelling (adequate decision making) but also the quality of the analysis made based 
on the numerical results (quantitatively taking into account the numerical deviation). 
There is also an interest in understanding the reasons for mesh scattering where a 
change in mesh size causes some numerical reflection. 
As mentioned above, accurately representing the interaction of a wave with structural 
features and/or defects is crucial to evaluating the potential of an inspection technique. 
The degree of accuracy depends on the way the defect and overall model are defined. 
The space and time are discretized and defects are simplified. Even for the simplest of 
defects, there are uncertainties about the extent of the discrepancy between the exact 
and numerical results. NDT researchers have generally favoured the use of regular 
meshes in order to avoid numerical problems linked to a change in node spacing 
(numerical scattering). This approach creates problems of its own when it comes to 
representing defects or features in the regular grid as it generally leads to jagged edges 
of defects. The investigation of alternative techniques and sound understanding of the 
factors influencing the numerical errors should lead to increased modelling quality and 
enable modellers to move forward to more complex cases as efficiently as possible. 
Achieving better representation of the interaction of waves with complex defects has 
led to the development of specialist ways of resolving this interaction. A method 
generating interest recently is the fictitious domain technique [28,29,30]. 
Investigation of this technique shows that its implementation in a commercially 
available FE packages is not possible. Instead, in this thesis, the path of local mesh 
refinement in the context of a regular node grid, is pursued as this could potentially 
lead to a large increase in model efficiency and improved representation of the defects. 
Overall, the knowledge gained from this work should enable modellers to improve the 





models but also by having a better understanding of the quantitative consequences of 
the decisions taken during the generation of their models. 
1.3. Outline of the thesis 
Chapter 2 presents the theoretical background necessary to understand the work 
developed further in the thesis. Bulk and guided wave theory is presented. Numerical 
implementation of the implicit and explicit solvers used in this work are outlined. The 
time domain explicit solver of ABAQUS/Explicit [14], the frequency domain direct 
integration implicit solvers of ABAQUS/Standard [14] and COMSOL Multiphysics 
[15] are presented. 
In Chapter 3, the use of two different absorbing layer techniques for elastodynamic 
problems is investigated. Implementation of perfectly matched layers [24] (PML) in 
the frequency domain in COMSOL Multiphysics and absorbing layer using damping 
[31,32] (ALID) for time and frequency domain in ABAQUS and COMSOL 
Multiphysics is devised. Analytical models are developed to enable a quick and 
accurate determination of adequate layer parameters. Typical example FE models of 
NDT applications are used to demonstrate the added value of using absorbing layers. 
The modelling options available to modellers are discussed. 
In Chapter 4, the influence of mesh parameters on the propagation velocity is 
investigated. Both explicit and implicit solvers used with a range of element types are 
studied. Regular meshes made of square or equilateral triangles are investigated first. 
These meshes are then distorted in order to understand the influence of element 
deformation on wave velocities. The general approach is to run a series of FE models. 
The results of these models enable the identification of simple functions to describe the 
errors as generally as possible. 
The work presented in Chapter 5 aims to provide the foundations to more complex 
defect modelling. The cases investigated are the reflection of bulk waves from straight 
edges, straight cracks at an angle and circular holes. For each case, the use of a regular 
square mesh approach where the defects are defined by removing or disconnecting 





triangular elements. In order to obtain a reference through the convergence of signals, 
the mesh size with both methods is reduced gradually. 
The work is Chapter 6 focuses on local refinement of a regular square mesh using 
conventional tools available in the commercially available FE package ABAQUS. The 
method investigated in this part consists of creating 2 separate areas having different 
mesh densities and tying them together. The effect of the change in element size in a 
regular mesh of elements is investigated. The knowledge of the propagation velocities 
gained in Chapter 4 is used. This enables the influence of the way meshes of different 
size are tied together on reflections at the interface between the 2 meshes to be 
determined. A range of 1D and 2D FE models are created and studied in order to better 
understand and quantify the influence of these sources of error. In particular, elastic 
properties in parts of the models are adjusted in order to minimize the level of 
reflection. Parametric studies are performed in order to provide modellers with a 
database of information enabling them to determine the level of reflection which exist 
in a range of situations. 
In Chapter 7, a review of this thesis is presented. Main contributions are summarized 





This chapter presents the theoretical background to the work presented in this thesis. 
The theory of wave propagation in elastic media is developed and is followed by a 
presentation of the FE techniques used in this work. 
2.2. Theory of wave propagation in elastic media 
The theory of wave propagation in elastic media is presented in this section. Bulk 
waves and guided waves in a 2D plate are considered. The aim of this section is not 
only to present the cases which are of interest to us but also to define the notations used 
in following chapters. 
2.2.1 Bulk wave propagation 
2.2.1.1 Bulk wave propagation in infinite isotropic elastic media 
The propagation of acoustic waves in unbounded isotropic media has been the subject 
of many studies and its theory is widely available [33,34]. The general equation of 
motion relates the particle displacement u in a material of density p to the stress field 






It is well known that Hooke's law links the stress a and strain c in an isotropic material: 
ay _ Xöii Ekk+2JEJJ (2.2) 
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2 ax; ax; 




The Navier governing equation is derived from equations 2.1,2.2 and 2.3: 
a2u. D au. a2u. 
p- 2= (X + µ)ßxä +µ2 (2.4) ar i ax; 
This can also be expressed in a vectorial form: 
pü = (1 + µ)V(V " u) + µp2u (2.5) 
The Helmholtz decomposition can be used to derive the displacement u in terms of a 
compressional scalar potential 4, and an equivoluminal vector potential yr: 
u= V4+Vxw (2.6) 
Using equation 2.6 to substitute the displacement in the Navier equation 2.4, the 
following relation is obtained: 
V (X+2 µ)V24 -p +V x 
[. 
tv2NJ_pa =0 (2.7) 
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This equation is fulfilled if both terms are zero which can be interpreted as the 
Helmholtz differential equations: 
a= 2+2 V2 2z 
ate p- cLý 
ý (2'8) 
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and OZyr = 1! W= csa (2.9) 2 P öt at 
cL and cS are the velocities of longitudinal (dilatational) and shear (rotational) waves 
in the infinite isotropic medium and are equal to: 
CL = 
f! FT +2 
and cs = 
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(2 10) 






The wave numbers of these waves are defined as: 
kL = co and ks = (2.11) -co CL CS 
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(2.12) 
The solution to the Helmholtz differential equations (2.8) and (2.9) for longitudinal or 
shear harmonic waves propagating in a given direction is: 
i(tkl.. x±kL y- wt) i(±ksxx±ks y- wt) 
= (De andyf =''e ' (2.13) 
with c and `Y the amplitude of the wave and k1, kLy, ksx and ksy, the projection of the 
wavenumbers of the longitudinal and shear waves on the x and y axes. 
2.2.1.2 Bulk propagation in a semi-infinite isotropic elastic medium 
Wave propagation in a semi-infinite medium (one interface) is considered in this 
section. This case is investigated because wave propagation in a multi layered system 
is modelled in Chapter 3 and will require this theory for its construction. 
Let us consider a semi-infinite medium as shown in Figure 2.1. The arrows represent 
the longitudinal and shear waves that can exist in the material. In this work, positive 
waves are defined as waves propagating in the positive x direction and negative waves 
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The wave potentials of each wave type are defined as: 
ýp = (Dpei(klyy+kL, 
x-cor) (214) 
N'p = Tpei(ksyy+ks, 
r-(ar) (2-15) 
(2.16) ýn = Onei(-kLyy+kLxx-cot) 
Wn = `Ynei(-ksý, 
y+ksx-(o t) 2.17 
It is also considered that these waves are linked by the Descartes-Snell's law. This 
implies that kj=ksX kx. The previous expressions can therefore be simplified, omitting 
i(krx-(at) 
the common factor e 
ýp = (Dpelk`'y (2.18) 
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Using equations 2.2,2.3 and 2.6, the displacements and stresses are derived: 
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These expressions will he needed in Chapter 3 to model a multi-layered system and can 
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This expression enables to link all displacements, stresses and wave potentials and can 
be used to describe a multi-layered system straightforwardly. 
2.2.2 Guided wave propagation in a plate 
In this section, the theoretical basis of guided wave propagation in a 21) plate is 
presented. This case is considered as studies of models of guided waves which are 
specific to the plate case are done in Chapter 3. 
Let us consider the plate represented in Figure 2.2. 





Guided waves in plates propagate in the same way as bulk waves in the infinite 
medium except the fact that the internal longitudinal and shear waves are reflected at 
the free surfaces. The theory of guided waves is treated in detail in several textbooks 
[33,35]. Guided waves result from this interaction of both wave types with the top and 
bottom surfaces of the plate where Snell's law is satisfied. This implies that both wave 
types have the same wave number k, in the x direction. As represented in Figure 2.2, 
in general there can be up to two shear waves and two longitudinal waves. Following 
the notation used previously for bulk waves, the field F can be expressed as: 
ýý _ +W = (4, (Y)+NVj)'))e 
i(k -r (o1) (228) 
where C'O') = (1)p c 
ik, v + cp, r, e- 
ikL)' (2-29) 
N' (Y) = Tie `k.,, -"-`},, »e 
iti. s,: ° (2-30) 
It is essential to note that, at this stage, 1,  1,,, IF,,, IF,, and 
k, are unknown. 
The symmetry of the system imposes that the amplitude of waves going up is either 
equal to or opposite to the amplitude of waves going down: 
fit, = ct and `l'1, = `Y or (1) 1, = -(t),, and 
`f'1, = -`Y, 7 
(2.31) 
This leads to the existence of two types of guided modes: symmetric and anti 
symmetric modes as represented in Figure 2.3. 
a) b) 




When the amplitudes are equal, symmetric modes exist. The common factor e'(k"x - wry 
is omitted and the following expressions are obtained: 
ý= (Ds cos (kLiy) (2.32) 
yf = `Yssin(ksy) (2.33) 
Equations 2.2,2.3 and 2.6 are still valid in this case. The displacements and stresses 
are derived: 
ux = ikX(Dscos(kLyy)-ksy`YScos(ksyy) = Askscos(kLyy)+B5`I'Scos(ksyy) (2.34) 
uy = -kLy(Dssin(kLyy) + ik T sin(ks, y) = C5(Dssin(kLyy) +D3'P5sin(ksyy) (2.35) 
axx = -(kx(X +2µ)+kky, %)(DScos(kLyy)-2µikxksy'Pscos(ksyy) (2.36) 
or axx = E$ Dscos((kLyy) +Fs`I'scos(ksyy)) (2'37) 
axy = -2µikXkLyDssin(kLYy)+µ(ksy-k, )` , sin(ksyy) 
(2'38) 
or axy = GSDssin(kLyy) +HS`Yssin(ksyy) (2.39) 
ayy = -((,, +2µ)kiy+Xkx)(D3cos(kLyy)+2pik., ksyT,, cos(ksyy) (2.40) 
or ayy = Is(Ds cos (kLy3) + JS`Y5 cos (ksy) (2 41) 
When the amplitudes are opposite, anti symmetric modes exist. The common factor 
e'(kx-cot) is omitted and the following expressions are obtained: 
4) = (Dasin(kLyy) (2.42) 
yý _ 'Yacos(ksy) (2.43) 
ux = ikx(Dasin(kLyy) + ksy`YQsin(ksyy) = AQcDasin(kLyy) +BQ'Yasin(ksyy) (2.44) 
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or axx = EQ'asin((kL}, y)+FQWQsin(ksyy)) (2.47) 
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(Da, (D, `1a' 'I'S and kx are unknown. In order to calculate them, the traction-free 
boundary conditions on the top and bottom surfaces (where y= ±h) are used: 
ßyy =0 and ßxy =0 (2.52) 
For symmetric modes, this means: 
Is(Dscos(kLyh) +JS'ilscos(ksyh) =0 and 
Gs(Dssin(kLyh)+Hs`Yssin(ksyh) =0 (2.53) 
(Ds =1 is taken arbitrarily and leads to: 
T_ _Iscos(kLyh) and Ts = _G5sin(kLyh) (2.54) S Jscos(ksyh) s Hssin(ksyh) 
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which can be further simplified to: 
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Equation 2.58 and 2.59 were first published by Lamb [36]. These are solved 
numerically as there are no analytical solutions to these equations. The solutions give 
values of kx which can be either real (propagating mode), imaginary (evanescent mode) 
or complex (propagating evanescent mode). Figure 2.4 illustrates the deformation of a 
plate caused by these various types of modes. 
a) 
Propagating mode 
Real wave number 
b), 
Propagating evanescent mode 





Imaginary wave number 
Figure 2.4. Illustration of the deformation of a plate caused by a) propagating, b) propagating 
evanescent, c) evanescent waves which have a) real, b) complex, c) imaginary wave numbers. 
Propagating waves are those which have received the largest amount of research in the 
field of NDT as they can be used for long range inspection of structures such as rails, 
plates or pipes. For a given set of properties (plate thickness, bulk wave numbers and 
frequency), there is a finite number of real and imaginary wave numbers and an infinite 
number of complex wave numbers. It implies the existence of a finite number of 
propagating and evanescent waves and an infinite number of propagating evanescent 
modes. DISPERSE [1,37], a software tool developed at Imperial College, provides a 
useful tool to find these solutions. Figure 2.5 shows an example of dispersion curves 
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Figure 2.5. Wave number against frequency for a 3mm thick steel plate 
These can be presented in many forms but a common form is to represent the phase 
velocity of the modes against the frequency-thickness product, as shown in Figure 2.6. 
In this figure, it can be seen that the phase velocities of guided waves in a plate vary 
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Figure 2.6. Phase velocity against frequency. thickness for a 3mm thick steel plate 
In practical NDT, wave packets (often tone bursts) are usually used. Since guided 
waves are dispersive, the wave packet will not retain its original shape as it travels. In 
this case, it is convenient to define the velocity of the packet using the group velocity, 




The two previous figures illustrate the existence of several guided modes whose 
existence depends on the frequency and whose velocity varies against the frequency. 
In order to identify the modes, each mode is named by a letter and a number. 
Symmetric modes use `S' and anti-symmetric modes `A'. The number is a counter 
variable starting at 0 used to distinguish modes in their family. SO is the fundamental 
symmetric mode, S I, the first symmetric mode to appear as the frequency increases, 
and so on. 
Another aspect of a guided mode is its mode shape. As can be seen from the 
displacement and stress equations derived previously in this section, the amplitudes of 
these values vary through the thickness of the plate. Knowledge of the mode shapes is 
essential to NDT and these are commonly plotted as shown in Figure 2.7. 
Top 
of plate 
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Figure 2.7. Example of AO mode shapes for a free plate case at different frequencies, shown for a 3mm 
thick steel plate 
2.3. Finite elements modelling of wave propagation 
In this work, wave propagation problems are solved using both implicit and explicit 
solvers. Time domain explicit models are run with ABAQUS/Explicit [14]. For 
implicit models, ABAQUS/Standard [14] and COMSOL Multiphysics [15] are used. 
It is important to emphasize that ABAQUS/Explicit and ABAQUS/Standard are two 
separate programs which are part of the ABAQUS package. This section presents the 




2.3.1 Explicit method 
Explicit dynamic analysis in ABAQUS/Explicit is a direct time stepping method based 
on the central-difference operator and the use of diagonal element mass matrices [14]. 
Let us start with the equation of dynamic equilibrium: 
[M]ü+[Cl it +[K]u = [Fa] (2.60) 
ii, 4, u are the acceleration, velocity and displacement respectively. [M] is the 
diagonal lumped mass matrix whose values are determined by the density of the 
material used. [K] is the static stiffness matrix whose values are defined by the Young's 
modulus and Poisson's ratio. [C] is the viscous damping matrix which is determined 
by the Rayleigh damping. Stiffness or mass proportional damping can be introduced: 
[Cl = CM[M + CK[K] (2.61) 
where CM and CK are the mass and stiffness proportional damping coefficient. [Fa] is 
the external force. 
Wave propagation occurs when the initial equilibrium is disturbed by the application 
of forces or displacement constraints on nodes. Commonly, these are applied in the 
form of a tone burst. The central difference operator links the displacement, velocity 
and acceleration in the following way: 
(i+o. 5) 
_ 
(i -o. 5)+L t(i+1)+At(`)ü(; ) (2.62) 
2 
u(1+1) = u(`)+At(i+1) (i+o. s) (2.63) 
with At, the time increment and i, the time increment number. 
The procedure is explicit because the process is advanced using known values from the 




The computational efficiency comes from two aspects of the explicit scheme. Firstly, 
unlike in the implicit scheme, there is no need to assemble and invert the global mass 
matrix. Secondly, the diagonal mass matrix is used when calculating the acceleration 
in the following way: 
Ü(i) = [M]-1([F](') - [I](`)) (2.64) 
where [F] is the applied load vector and [1] is the internal force vector. [AI]-1 is easily 
calculated because [M is diagonal. 
This implementation is conditionally stable and the time step At has to be smaller than 
the critical time step At, which in an undamped system depends on the highest 
frequency in the smallest element [14]: 
Ot <_ Otcr =2 wmax (2.65) 
In wave propagation modelling, as small deformations of elements is assumed, an 
approximation often used is that the critical time step is the transit time of a dilatational 




where OL is the smallest element size and cL is the velocity of the dilatational wave. 
Figure 2.8 illustrates the value of AL for a linear square element, a linear equilateral- 
triangular element and a quadratic equilateral-triangular element. It can be noted that 
this distance corresponds to the shortest distance between 2 nodes for a square element 
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Figure 2.8. Illustration of AL for a a) linear square element, b) linear triangle clement and c) quadratic 
triangle element. 
The condition in equation 2.66 is referred to as the CFL condition after R. Courant, K. 
Friedrichs, and H. Lewy [39]. The actual time step used in a model can be expressed 





therefore the time increment is defined as: 
Ai = CFLAt,.,. = CFLAL (2.68) 
CL 
Given that the space usually needs to be discretized in such a way that the shortest 
wavelength in the model is finely discretized (usually, at least 7 nodes per shortest 
wavelength are used), a large number of increments is required to solve a model. The 
number of increment in an explicit scheme is larger than the one required with a time 
domain implicit scheme but, since global mass and stiffness matrices do not need to be 
formed nor inverted, each increment is computationally inexpensive. This makes the 
explicit scheme particularly attractive for wave propagation. 
2.3.2 Implicit method 
Although it is possible to use implicit schemes to solve time domain wave propagation 
problems, the central difference explicit scheme has proved to be far more efficient 
than the implicit one. Therefore, in this work, time domain implicit schemes are not 




frequency domain (i. e. subjected to continuous harmonic excitation). The steady state 
response of the model forced by an harmonic excitation (i. e. at a single frequency) is 
calculated. In this case, it is necessary for waves to radiate out of the area of study in 
order to model wave propagation. The particular aspect of radiation outside the area of 
study is the topic of Chapter 3. 
This procedure provides frequency domain results which can be used to reconstruct 
time domain results. The reconstruction procedure is presented in Section 3.5.2. 
2.3.2.1 ABAQUS/Standard procedure 
The direct steady-state dynamic analysis procedure of ABAQUS/Standard is used to 
model frequency domain wave propagation. The formulation is based on the dynamic 
virtual work equation over a small volume V of exterior surface St[ 14]: 
f p6u " üdV+ 
f pCMSu " üdV+ 
f 6c: adV- JSu " tdS =0 (2.69) 
VVVS, 
where a is the stress, t is the surface traction and 8c is the strain variation compatible 
with the displacement variation 8u. The : operation means that corresponding 
conjugate components of the stress and strain rate matrices are multiplied as pairs and 
the products summed. 
The discretized form of this equation is defined as: 
SuN pi"FlM+C AP'i + 1. '-PN} =0 (2.70) 
with the mass matrix A? N=f p11 " NMdV (2.71) 
V 
the internal load vector 1N = JpN : crdV (2.72) 
V 






AIN is the shape function of the specified elements and 0N defines the strain variation 
from the variation of the kinematic variables. The change in internal force vector is: 
or"' = f[epN: 6+ pN: L ]dV (2.74) 
v 
The change in stress is: 
L6 = Deg : (A&+ CKA&) (2.75) 
where Del is the elasticity tensor. The strain and strain rate become: 
DE = ß`NDuM and As =3 Eum (2.76) 
The stiffness matrix is defined as: 
KNM = fpN: Del: pMdV (2.77) 
V 
Therefore equation 2.70 becomes: 
8uN{11 MuM+ (C, yrll, 
'`ý+ CKKNM)u +KNu-PN} =0 (2.78) 
For harmonic excitation and response, we can write: 
AuM = ('Ri(uM) + ij(uM))exp(iwt) (2.79) 
Ai, m = (-toZ(uM) + i(0'. R(uM))exp(fwt) (2.80) 
D. M = -CO 
2(93(uM) 
+ 3(uM))exp(icwt) (2 81) 




Therefore Equation 2.78 can be written as: 




`R(PM) (2.83) [WcMM+ 
CKKNM) -(M - w2 
l) 
_1(UM) (- )PM 
Solving this equation provides the complex response of the system. Provided that 
radiation out of the area of study occurs, this response describes the wave propagation 
phenomenon occurring in the model. 
2.3.2.2 COMSOL Multiphysics procedure 
In COMSOL Multiphysics, it is possible to solve a model by directly defining partial 
differential equations (PDE) in the following form [15]: 
V" (-cVu) + au =0 in 92 (2.84) 
n" (cVu) =g in 6S2 (2.85) 
hu =r in Of) (2.86) 
Q is the computational domain, aQ is the domain boundary and n is the outward unit 
normal vector on M. u is a dependent variable unknown on the computational domain 
and can be a scalar or a vector, c, a, g, h and r are constants or matrices depending on 
the form of u. 
In a 2D vectorial problem in an orthonormal coordinate system (x, y), the displacement 
is defined as: 
u=U1X+u2y (2.87) 
with ul and u2, two independent scalar variables. 
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c and a are defined as: 
1111 C1112 C1211 C1212 
C= 
X1121 C1122 C1221 C1222 
(2.88) 
C2111 C2112 2211 C2212 
C2121 C2122 X2221 C2222 
a= 
all a12 (2.89) 
a21 a22 






+C1211ýx +C1212ey) (290) 
a au, au, 




+a11u1 +a12u2 =0 +C1222a (2 91) 






+C2211ä-. +C2212ay (2.92) 
a au, au, 
+ C2122 - 
(C2121 äu2 au2 )+ 
a21 u1 + ä22u2 =0 + 02221 + C2222 (2 93) ýy ä_. x X ay 
Since the equations of dynamic equilibrium in the frequency domain for a 2D isotropic 
elastic medium are: 
a au, au21 a au, au2l 2 
U1 + 2µ)äx + 
cpy J+ ýyýµay 
+ µäx J+ Po) u1 =0 (2 94) 
a ýµaul + µau2) +a 
(X'Oul 




It is therefore possible to solve Equations 2.94 and 2.95 using Equation 2.84 by 










The model is excited by either applying a force on a boundary with Equation 2.85 or 
prescribing a displacement using Equation 2.86. The model is solved using one of 
COMSOL built-in solvers and solutions can be output to be post processed in 
MATLAB. As with ABAQUS/Standard, provided that radiation out of the area of 
study exists, the response obtained represents the wave propagation phenomenon 
occurring in the system. 
2.4. Conclusions 
In this chapter, the theoretical background necessary to the work presented in this 
thesis was presented. The theory of wave propagation in elastic media was developed 
and was followed by a presentation of the FE techniques used in this work. 
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3.1. Introduction 
Unwanted reflections from the boundaries of the system have been a limiting factor for 
FE modelling of waves. In time domain solving, this leads to a large increase in the 
model geometric size (and therefore a large increase in the number of degrees of 
freedom to be solved) as it is generally desirable to separate in time the interaction of 
the waves with defects from unwanted boundary reflections. This issue is illustrated in 
Figure 3.1 where it can be seen that the plate had to be extended to achieve separation 
of the signal of interest and the unwanted reflections. Moreover, in frequency domain 
solving, removal of unwanted reflections is a requirement in order to correctly 
represent wave propagation in the system. 
a) Geometric area Reflection 
Reflection+ of interest +Transmission Reflection+ 
Conversion Incident wave +Conversion 
Conversion 











Figure 3.1. a) 2D plane strain model of a plate including a defect, b) Time signal at the monitoring 
point 
Removing unwanted reflections in numerical wave propagation models is equivalent 
to representing total radiation outside the area of study. This topic has attracted a vast 
amount of interest in the last 25 years [ 17]. Well known techniques include infinite 
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(NRBC) [20] and absorbing layer techniques [5,21,22,23,24]. These various 
techniques have proved successful in their context but, as engineers involved in 
developing ultrasound NDT applications, our goal is to find computationally efficient 
techniques for removing unwanted reflections that can be used with commercial FE 
packages. Commercial packages were chosen from the outset of the study not only 
because they offer memory efficient and robust solvers but also because they remove 
the necessity of developing and maintaining specialist codes. It is key that the 
technique that achieves the removal of unwanted boundary reflections is easily 
implementable in the commercial FE packages. It needs to be able to remove the 
reflections with a high degree of accuracy (typically, in this work, 60dB =99.99% of 
the incident wave amplitude removed) as ultrasound NDT relies on quantitatively 
evaluating relatively low amplitude signals. A significant reduction in model 
geometric size compared with the classical technique (i. e. increasing model geometric 
size) needs to be achieved in order to justify the use of the technique. 
In this work, I have focused on two different absorbing layer techniques for 
elastodynamic problems. I implemented "Perfectly Matched Layers" [24] (PML) in 
the frequency domain in COMSOL [15] and "Absorbing Layer Using Damping" [31, 
32] (ALID) for time and frequency domain in ABAQUS [14] and COMSOL. 
Optimum definition of the layer parameters is essential to improve modelling 
capabilities, but it becomes counter efficient to invest a large amount of time to 
determine the best parameters to use for these layers. This issue is raised in several 
papers [40,41]. In order to resolve this, we have developed analytical models to enable 
a quick and accurate determination of adequate layer parameters. 
One of the challenges of this chapter is to stimulate interest from fellow researchers, 
engineers and modellers. To convince them of the advantage of the techniques, two 
typical examples demonstrate the added value of using absorbing layers. 
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3.2. Review of non-investigated techniques 
As mentioned above, only the use of absorbing layers is investigated in detail as it 
proved to be the only technique fitting the requirements. In this section, the alternative 
infinite element and non reflecting boundary condition techniques are summarised. 
The justification why these are not investigated is given. 
3.2.1 Infinite element methods 
Infinite elements are a special type of element with modified properties which can be 
used in conjunction with standard finite elements and which simulate an infinite space. 
A general presentation of the development of infinite elements can be found in [ 18]. A 
single row of infinite elements is positioned outside the boundaries of the area of study 
as shown in Figure 3.2. 
Figure 3.2. Illustration of use of infinite elements 
Infinite elements have been proved to work relatively well for static cases as well as in 
certain domains of wave propagation: electromagnetism, acoustics and elastic bulk 
waves with incidence at angles close to the normal. It should be noted that elastic wave 
problems are more complex than acoustic or electromagnetic ones because in 2D two 
wave types exist in this case. In the general case of wave propagation, the simulation 
of an infinite expanse of material can be defined using the Sommerfeld radiation 
condition [42] which defines the condition for total radiation of a wave from a source. 
Satisfying exactly the radiation condition in the infinite element results in perfect 
absorption and no reflection from the boundary. For solid media, ABAQUS provides 
infinite elements based on [43]. A benchmark problem for the use of infinite elements 
is available in the ABAQUS user manual [141. This example is similar to the one 
analysed in [44]. The geometry of the model is presented in Figure 3.3. a. The problem 
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is an infinite half-space subjected to a vertical pulse line load in the form of a 10MHz 
raised-cosine function 1-sin(wt/3)*cos((ot) with a spatially constant amplitude of 
1 GPa. The vertical displacement is monitored at point A 2mm below the edge of the 
load as indicated on Figure 3.3. a. The resulting displacement is plotted on Figure 3.3. b. 
A comparative model is created. This model has the same properties as the benchmark 
but does not use infinite elements. Instead, the boundaries of the area of study where 
the infinite elements were placed are moved away from point A so that the monitored 
signal at point A does not include any interaction of the waves with these boundaries. 
This represents an exact reference and the difference between the two models is the 
reflection from the infinite element boundary. This model is shown in Figure 3.3. c. and 
the displacement monitored at point A is plotted in Figure 3.3. d. 
a) 













x 10 -6 
4 
x 10 -6 
Figure 3.3. ABAQUS benchmark model: a) Model geometry, b) vertical displacement at point A, 
Extended model (reference): c) Model geometry, d) vertical displacement at point A 
There is a clear discrepancy between the 2 monitored signals. This indicates that a 
noticeable reflection occurs as the wave reaches the infinite elements. This example 
confirms that infinite elements are not suitable for high accuracy removal of unwanted 
reflection of bulk waves. Studies [45,46] have proved that similar conclusions can be 
drawn for the use of these elements with guided waves. These findings justify why this 
technique is not investigated further in this chapter. 
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3.2.2 Non reflecting boundary condition 
Non reflecting boundary conditions (NRBC) are special boundary conditions used in 
FE or finite difference (FD) methods to model wave propagation in unbounded media. 
The dimensions of the model are the same as the area of study; only the boundary 
conditions are changed. The modified boundary conditions generally use extra 
variables in order to approximate the infinite expanse of the medium. Many different 
methods have been developed for a wide range of fields. Early work in the '70s on 
NRBC was dominated by the use of the radiation condition given by Sommerfeld [42] 
but this method had limits as demonstrated in [47]. Other methods were developed 
such as the Engquist-Majda [48], Bayliss-Turkel [49], and are still widely used today. 
Exact non-local methods based on the Dirichlet-to-Neumann map [50,51] or the 
difference potential method were developed from the late '80s. In the last 10 years, 
high order local NRBC have been developed for various cases [52]. These techniques 
were proved to work correctly but, as they require modification of the standard solving 
procedure, the development of specialist FE codes is required. To the best of the 
author's knowledge, they cannot be implemented in commercially available FE 
packages and are therefore not investigated here. 
3.3. Absorbing layer theory 
3.3.1 Concept 
Absorbing layers are finite regions "attached" at the extremities of a model - see Figure 
3.4. Their objective is to approximate the case of an unbounded problem by absorbing 
waves entering them. Small reflections from the absorbing region exist but these can 
be made acceptably small by correctly defining the layer's parameters. 
a C) I) 
Area of study 
" Absorbing layer 
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3.3.2 Perfectly matched layer (PML) 
The PML technique was created in 1994 by Berenger for electromagnetism [24] and 
has been extended to other fields such as acoustics [53,54,55] and seismological and 
other elastic waves [56,57,58,59]. As its name indicates, a PML matches perfectly 
the impedance of the area of study. This means that, in theory, a wave enters a PML 
without reflection. Once inside it, the wave decays exponentially. A PML can therefore 
be used to achieve total radiation of a wave out of the area of study. 
In this work, the technique is implemented in the frequency domain for an 
elastodynamic case without splitting the variables. This implementation was defined 
in collaboration with Dr Elizabeth Skelton, a mathematician at Imperial College [60]. 
Let us consider an harmonic wave travelling in the x direction which can be defined by: 
u(x, y, t) = uoe 
iwteikx (3 1) 
For an elastic isotropic medium in 2D plane strain, the equations of equilibrium are: 
a ýýa +2 FL)aux +% 
auy 
+a ýµaux + µauy + Pw2ux -0 (3-2) TX ax ay J ay ay ax 
a auz + µauyl + 
aux 
+ (X + 2µ)auy) + pw2uy =0 (3.3) äx ay ax J ayl ax ay 
In the PML, we want the wave to decay exponentially and therefore to have the 
following form. 
ux t= ue 'o'ieikx-ka, x (3.4) 
The modification from equation 3.1 to equation 3.4 can be achieved by performing a 
change of variable in the PML. 
x- x(1+iax) (3.5) 
48 
Chapter 3 
Modelling naves in unhoundcd elastic media acing ahsorhing layers 





S-`ex (3 6) 
After this change of variable for. and i' and some algebra, the equations of equilibrium 
3.2 and 3.3 become: 
Sý. ýýrrý. l . 
Sý. 
A cýtrj. w2 (;. +2µ)m +X +- µ. +µ +_-uý. =0 (3.7) Ox SY Cx CJ ý? 1' S, (Y x S' S1. 
a (u,. Sý. i? uý. cýu. S S. Cu +µ +_ `+ ` +Zµ)=' +SSu. =0 (3.8) 
c11, Sl, cox ax Sv cry SVsV Ox 
In the area of study, a, and a, are equal to zero, hence St and S,. are equal to I and 
equation 3.7 and 3.8 become equation 3.2 and 3.3. In the PML, ur and a,, are 
respectively .t and i' 
dependent and are defined as illustrated in Figure 3: 
a, (x) = A, _ "x and = 
A. i j) . tj' 
(3.9) 
with .9. and 
A, two constants. 
ýCý, (ý") 
Figure 3.5. Variation of CC,, (-v) and Ct. i, (l, ) 
in a 2D model. 
The same approach can be readily extended to 3 dimensional cases by following the 
same reasoning. 
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In order to avoid numerical issues due to the discontinuity of the attenuation parameter 
and its first and second derivatives at the interface between the area of the study and 
the PML, the attenuation parameters are taken to vary at least quadratically with the 
distance which implies thatp in equation 3.9 has to be superior or equal to 2. 
At the end of the PML, the decaying wave is reflected and generally partially mode 
converted. The reflected waves propagate back toward the area of study while 
continuing to decay and then re-enter the area of study. The PML has to be defined so 
that these reflections are negligible. 
Correct definition of the PML parameters (thickness of the layer, a andp) is essential 
to achieve an efficient model. These points are looked at in detail later in this chapter. 
Solving of the model is done in the frequency domain but time domain results can be 
obtained easily by solving the model over a range of frequency and performing an 
inverse Fourier transform. 
3.3.3 Absorbing layer using increasing damping (ALID) 
The ALID is an absorbing layer which is made of a material with the same properties 
as those of the area of study apart from having a gradually increasing damping. The 
general concept was mentioned in 1980 by Israeli and Orszag in [22] and was recently 
revived by Liu et al [21 ] and Castaings et al [ 16]. 
Let us start with the equation of equilibrium in the time domain: 
[M]ü+[C]ü+[K]u =f (3.10) 
with [Al], [C] and [K], the mass, damping and stiffness matrices. 
iwt ikx convention, we consider harmonic waves of the form: u(x, y, t) = uoe ex We 
have it -4 -iwu. The equation of equilibrium in the frequency domain is: 
-[M]w2u-[C]iwu+[K]u =f (3.11) 
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Stiffness or mass proportional damping can be introduced in time or frequency domain 
models in most FE packages and is generally termed Rayleigh damping. We define: 
[Cl = CM[11fl + CK[K] (3.12) 
where CM and CK are the mass and stiffness proportional damping coefficients. 
Equation 3 . 11 becomes: 
-[M]w2u-[CM[M]+CK[K]1 icon+[K]u =f (3.13) 
C2 
) u+[K](1-iwCK)u =f (3.14) 
In an ALID with a boundary perpendicular to the x axis, the value of CM and CK are 
gradually increased in the x direction. We set the following formulation: 
CM(x) = CMmax - X(x)p and CK(x) = CKmax - X(x)p (3.15) 
CM, and CKm are positive real numbers and X(x) varies from 0 at the interface 
between the ALID and the area of study to 1 at the end of the ALID following a power 
law whose order is defined by p. In a time domain model, CM,,, and CK,,, are 
constant and therefore do not vary with the frequency. This leads to a variation of the 
wave attenuation against the frequency. In a frequency domain model, it can be made 
constant over the range of frequencies by adjusting CM,,, "' and CK,,, = accordingly with 
frequency. 
The effect of Rayleigh damping can be better understood by using a formulation using 
complex density and complex stiffness modulus in the ALID: 
PALID - P(1 +' 
Cwx 
J or EALID = E(1-i(oCK(x)) (3.16) 
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The wavenumber is proportional to the square root of the density p and inversely 
proportional to the square root of the Young's modulus, E: 




From this, we see that, in the ALID, the wave number is complex and the solution to 
wave equation becomes: 
u(x, y, t) = uoe 
'c'reik'x-k"x (3.18) 
k' and k" are the real and imaginary parts of the wave number and are both positive 
numbers for a wave propagating in the positive direction. k" induces the decay of the 
wave in the layer. The real part of the wave number in the ALID varies with the 
damping and does not match perfectly the real part of the wave number in the area of 
study. This denotes a change in acoustic impedance which will cause reflections at the 
interface of the ALID as well as inside it. To simulate unboundedness with high 
accuracy, these reflections need to be negligible. Increasing the damping gradually 
enables us to achieve this. The technique is not as neat as the PML technique since 
there is a change of impedance between the area of study and the ALID, and inside the 
ALID itself, but it has the advantage of being easily implementable in both time and 
frequency domain solving in most commercially available FE packages. 
One important point to note is that the introduction of damping decreases the value of 
the stable time increment when solving the model with the central difference explicit 
scheme [14]. The value of the damping at the end of the ALID is usually very large 
compared to values commonly used in structures. A high value of CM causes a 
relatively small decrease in the stable increment whereas one of CK usually has a very 
strong effect leading to a great loss in computational efficiency (e. g. time increment 
divided by a thousand or more). Therefore, it is preferable to avoid using CK to define 
ALID with an explicit scheme. For this work, we have only used CM for time and 
frequency domain studies: 
CM(x) = CMmax - X(x)" and CK(x) =0 (3.19) 
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It is easy to see that correct definition of the layer parameters (length of the layer L, 
variation of the attenuation parameter CM and the power law p) is essential to achieve 
an efficient model. 
In FE models, as the space is discretized, the gradual increase of CM occurs by steps. 
The ALID is defined as a series of sub layers having the same material properties but 
different values of CM. It is preferable to minimize the change in CM between two 
adjacent sub layers and therefore it is recommended to have one element thick sub 
layers. 
3.4. Efficient layer parameters' definition 
The target when defining layer parameters is to achieve a good approximation of 
unboundedness in the area of study with the shortest absorbing layer possible. It is 
essential to determine a sensible acceptability criterion for the approximation of 
unboundedness. For this work, a layer is considered acceptable when the amplitude of 
waves reflected from it is smaller than 0.1% (-60dB) of the amplitude of the incident 
wave entering it. This value was chosen for 2 reasons. The first one is that, given that 
it is common for NDT applications to monitor reflection as low as 2%, a value of 0.1 % 
gives a good ratio of reflection to signal. The second one is that one aim of this study 
is to validate the capacity of a technique to achieve highly accurate absorption of the 
incident wave. When it comes to defining a criterion for a particular model, the key is 
to have a high ratio between the signal of interest (e. g. reflection from defects or 
structural features) and the reflection from the absorbing layer. Therefore, in some 
models, an acceptability criterion can be as high as 5% of the incident wave. Generally, 
a low percentage criterion (e. g. 0.1%) leads to a thicker absorbing layer than a high 
percentage one (e. g. 5%). Hence, an adequately chosen criterion is the first step towards 
achieving computational efficiency. 
Running FE test cases to determine layer parameters has proved to be highly time 
consuming and inefficient. It would be beneficial for modellers to be able to use tools 
to define the layer parameters quickly, reliably and efficiently. Analytical models have 
therefore been created to evaluate the reflection coefficient of absorbing layers for bulk 
and guided waves cases. In the following parts, the explanation of what these models 
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represent and why layers parameters can be defined using them are given. These 
models guarantee the fulfilment of the acceptability criterion and greatly speed up the 
correct definition of layer parameters. 
All the following models are defined in the frequency domain, as harmonic waves are 
considered, and they can be extended readily to work in the time domain. For a time 
domain model, the modeller needs to know the frequency content of its signal and 
validate the absorbing layer over the range of interest. The parts of the frequency 
spectrum whose amplitude is smaller than the acceptability criterion can be ignored. 
The rest of the frequency spectrum defines the frequency range of interest. It is 
advantageous to take into account the actual frequency spectrum as it relaxes the 
acceptability criterion for the low amplitude parts of the frequency spectrum. 
3.4.1 Analytical model for bulk waves 
3.4.1.1 General definition 
Analytical models presented in this section have been developed to evaluate the 
reflection coefficient of harmonic longitudinal and shear plane waves from absorbing 
layers over a range of frequencies and angles. Although all models in this part are 2 
dimensional, they are also valid for 3 dimensional cases. The intention is that these 
models can be used to validate the acceptability of a given absorbing layer for both 
longitudinal and shear waves over any desired range of frequencies and angles of 
incidence. As one considers the geometry of an area of study, it is easy to see that shear 
and longitudinal waves coming from a range of sources may be incident at the 
absorbing layers. As will be seen later, knowledge of the range of angles at which these 
waves are incident at the absorbing layer is one consideration needed to define the 
absorbing layers. The range of angles of incidence is determined by the geometry of 
the model and the position of wave sources such as excitation points or scatterers in the 
model, as illustrated in Figure 3.6. 
Frequency domain technique using monochromatic plane waves rather than transient 
waves generated by point sources are used in the model as this greatly simplifies the 
approach and provides a conservative value of the reflection from the layer. In the real 
model, waves decay (beam spread) before reaching the absorbing layer and reflections 
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Area of study 
  Absorbing layer 
" Wave source 
Figure 3.6. Illustration of extreme angles defining the range of angles to consider when dimensionning 
an absorbing layer. 
spread spatially (unless the incidence is purely normal) as the reflection phenomenon 
will occur at different locations in the layer - see Figure 3.7. In the time domain, the 





Figure 3.7. Spatial spread of the reflection and transmission for a single layer (no mode conversion 
shown for simplicity) 
To summarize, in order to validate an absorbing layer for a given model against a 
certain level of reflection defined by the modeller, one can safely use an analytical 
model that evaluates the reflection coefficient for harmonic plane waves incident at the 
layer over the range of angles of incidence present in the model and the range of 
frequencies of interest. 
3.4.1.2 Validation procedure 
In order to confirm the validity of the analytical models, their results are compared with 
results from FE models. The challenge is to reproduce exactly the plane wave 
interaction with the absorbing layers. As, exceptionally in this case, the reflected 
amplitude from an absorbing layer is the one of interest, it is necessary to use extremely 
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low (-120dB) reflection ALID referred to below as "ultra" ALID in order to correctly 
monitor the reflection from the absorbing layer studied. 
One model shown in Figure 3.8. a is used for normal incidence. This is a 2D plane strain 
model where the displacements on the top and bottom surfaces are constrained to zero 
in the vertical direction to have plane longitudinal wave propagation or in the 
horizontal direction to have plane shear wave propagation. The excitation is applied 
uniformly over the thickness of the model on one side of the area of study where an 
"ultra" ALID is placed. On the other side is the layer studied, either an ALID or a PML. 
The complex displacement is monitored along a line in the area of study and the 
amplitude of the incident and reflected signal are determined by performing a spatial 
FFT [61 ]. 
For other angles of incidence, another 2D plane strain model is defined as illustrated 
in Figure 3.8. b. The area of study is triangular. On one edge is the layer studied. On the 
other two, "ultra" ALID are placed. The excitation is uniformly applied on one edge. 
The displacements are monitored along 3 lines aligned with the predicted propagation 
direction of the incident and reflected waves. Spatial FFTs are performed to obtain 
reflection coefficients. Models are non-dimensional and the material is defined so that 
a) 
b> 
Area of study 
0 PMLorALID 
  "Ultra"ALID 
Excitation 
III Spatial FFT 
JT9 Constraint 
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the longitudinal and shear wavelengths are 2 and 1 units respectively: Young's 
modulus is 8/3, Poisson's ratio is 1/3 and density is 1. 
Shear and longitudinal wave cases are treated separately. The lengths L of the layers 
are L=3 for longitudinal wave incidence and L=1.5 for shear wave incidence for PML 
and ALID. The attenuation parameters as defined previously are Ax =1 and p=3 for 
PML and CMm ax=1 On and p=3. 
Performance of the two techniques should not be compared with each other using these 
examples, as the layers are not optimized. 
3.4.1.3 PML analytical model 
The PML analytical model for bulk waves is based on the knowledge of wave decay 
in the PML [60] and the reflection/mode conversion occurring at the end of the PML. 
The PML is defined in the x direction and aX is defined as in equation 3.9. Waves in 
the PML have the following form: 
u(x, y, t) = uoexp(-iwt)exp(ik(xcos0+ysinO))exp(AxkcosOx") (3.20) 
where 0 indicates the angle of incidence of the wave as shown in Figure 3.8. Note that 
the decay rates of longitudinal and shear waves are unequal as their wave numbers k 
differ. If the amplitude up of a wave entering the PML is 1, then the amplitude of the 
wave after travelling the length of the PML is: 
p+l 
Amplitude = exp(Axkcos(O), + 1)) 
(3 21) 
At the free end of the PML, reflection and mode conversion occurs. Calculation of the 
amplitude of each reflected wave is done using the stress free boundary conditions at 
the end of the PML: 
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The reflected waves exponentially decay again over the length of the PML following 
equation 3.21. The theoretical reflection coefficient for bulk waves incident at a PML 
over a range of angles for a given case can therefore be quickly calculated using this 
method. 
As mentioned before, in theory, no reflection should occur at the interface of, or inside, 
the PML. In practice, numerical experiments have shown that this does occur and is 
evident in extreme cases when a limited number of elements cannot accurately 
represent a strong decay of the wave (spatial under-sampling) induced by a large value 
of A. Figure 3.9. a presents the reflection obtained at normal incidence (0=0) for a case 
where a PML with a quadratic variation of a is used. Ax is varied from 0 to 50. For low 
values of AC the FE reflection coefficient at normal incidence matches the prediction 
of the theoretical model but as Ax increases a non-negligible numerical reflection 
occurs. One can see that the numerical reflection grows with A; and is negligible for 
low values of AT where the theoretical reflection is dominant. 
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Figure 3.9. a) Reflection coefficient against Ax b) Reflection coefficient against the number of 
elements per wavelength. 
It is also shown that the numerical reflection also depends on the number of elements 
per wavelength. A series of models are run while only varying the number of elements 
per wavelength. Results are shown in Figure 3.9. b. As the number of elements per 
wavelength increases, the numerical reflection decreases. Further studies have shown 
that the numerical reflection can also be decreased by increasing the polynomial order 
of the shape function of the element or reducing the decay rate per wavelength. In most 
cases, the element size and order are given by other parameters of the model and 
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Unlike the theoretical reflection which is a physical phenomenon, numerical reflection 
is closely linked to the numerical implementation of the model and is therefore difficult 
to predict. A simple pragmatic solution is proposed to avoid the problem based on 
physical data. In a given model, the wave which suffers the most from numerical 
reflection is the one with the highest wavenumber (and hence the shortest wave length) 
reflected at normal incidence (cosh=1) as it is the most strongly attenuated (i. e. the 
decay occurs on fewer elements than any other wave). 
Starting by taking a layer whose length Lo, is equal to the shortest wavelength, the 
reflection coefficient is: 
RCdB = 20 " log 10(exp(-2Axký 
p+ +1l ý) (3.23) 
Numerical reflection will be minimum for the lowest value of Ax that satisfies the 
acceptability criterion RCdB. Experience has shown that for this PML length, the 
calculation can be based on the theoretical value and the numerical reflection can be 
confidently neglected. Ax is taken equal to: 
RCds 
Ax=-0.5 (P+') log 10( 20) (3.24) 
p+l kmaxLor 
Keeping this value of Az, the modeller can define the length of the PML so that it meets 
the acceptability criterion over the range of interest by using the theoretical reflection 
coefficients obtained with the analytical model. Clearly, Lo,. influences the final length 
of the PML as it limits the value of Ax. Modellers can reduce the value of Lor to less 
than the advised value but should be cautious that numerical reflection does not pollute 
their results. 
A FE model using the parameters defined in Section 3.4.1.2 is used to verify the 
validity of the analytical model. The comparison of these 2 models is shown in Figure 
3.10. 
Looking at Figure 3.10, one can see that as expected there is no mode conversion at 
normal incidence (0=0). The influence of the angle of incidence is highlighted as the 
59 
Chapter 3 
Modelling waves in unbounded elastic media using absorbing layers 


















Analytical results: Longitudinal wave reflection FE results: x L-wave 
- Shear wave reflection x T-wave 
Evanescent wave reflection 
Figure 3.10. Reflection coefficient for a given PML obtained with bulk wave analytical and FE models 
non converted reflection of the incident mode smoothly tends towards unity as the 
angle of incidence tends towards 90 degrees for both wave types. The general shape of 
these curves for waves at incidence above 60 degrees indicates that PMLs generally 
cope well with high angle incidence. This confirms that the range of angle of incidence 
plays a critical role in determining the layer's parameters. One can also note the 
presence of critical angles indicating that evanescent waves propagating along the back 
surface of the PML and decaying perpendicularly to the free surface (likely to be a 
Rayleigh wave) are generated. No reflection of this wave type has been noticed in the 
area of study. Overall, there is an excellent agreement between the FE model results 
and the prediction obtained with the analytical model. This confirms that the analytical 
model can be used to define PML parameters. 
This analytical model enables the quick evaluation of the acceptability of a given PML 
for a particular model. Experience has shown that a small value of p, the variable 
defining the power dependence, is usually preferable. Combined with previous 
comments concerning this variable, it is recommended to use: 2 <_ p <_ 3. No great gain 
in model efficiency can be achieved by optimizing p. It is advised to only concentrate 
on minimising L for the recommended A. In the cases where time domain results are 
required, it is advantageous to take into account the shape of the frequency spectrum. 
60 
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3.4.1.4 ALID analytical model 
The ALID analytical model for bulk waves is based on a multi-layered approach. As 
space is discretized in a FE model, the ALID is considered as a series of sub layers 
(referred to as layers in this Section) with increasing damping. The variation of CM is 
implemented by changing its value in each of these layers. Using layers one element 
thick is the thinnest possible and clearly minimizes the change in damping between any 
2 consecutive layers. It is of course not a problem to use layers several elements thick, 
but best results were obtained with the thinnest layer possible. The ALID can be 
analytically modelled using the continuity of displacements and stresses at the 
interface of each of these layers. Such an analytical model will enable a modeller to 
easily optimize the layer parameters. 
Let us consider a multi-layered system. We define the displacement and stresses at the 
front and back with the subscript f (front) or b (back). At the front of layer n, the 
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At the interface between layer n and n-l, there is continuity of displacements and 
stresses: 
u[n- I ]b 
_ 
u[n]f' 
ß[n- 1]b a[n 
(3.29) 
Several techniques exist to deal with wave propagation through multi-layered systems 
[37]. The technique used in this section is based on the one used by Pialucha [62]. It 
does not use a transfer matrix but a global matrix algorithm; amplitudes of the waves 
are calculated at each interface in the system. The strength of the technique is that 
instabilities are removed by placing the origin of all waves at their entry point in the 
layer. 
Based on equation 2.26, this leads to: 
ikLX -iksy -ikLXeikl. -iksyeiks 
ikLy iksx ikLyeik`'x -iksxeiks,, ml, y 
-(ß, k2 + 2µkky) 2µksxksy -(ß, k2 + 2µkky)eJký -2µksxksyeýks 
-2 µkLxkLy -2 µ(ksx - 
ksy) 2 µktxkzye" -2 µ(ksx - 
ksy)elks 
(3.30) 
ikLxeikcx -iksyeiksxx -ikLx -iksy 
1kLyeikl,, x iksxeiks, x ikLy -iksx M[n]b 
(,, k2 + 2µkiy)eikL 2µksxksyeiks -(ßk2 + 2µ2y) -2µksxksy 
L -2µkLxkLyeikl 2µ(ksxksy)eiks 2µkLxkLy -2µ(ksx-ksy) 
(3.31) 
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At the front of layer n+l, displacements and stresses are: 




As there is continuity of stresses and displacements - see equation 3.29, the following 










P["+ tý =0 (3.35) 
N[n N[n+ 1 













and so on... 
P[ I] is known as it is the model input. Equation 3 . 32 can be rewritten as: 
[Mp[l]b MN[1]b] [N[1 [2N 
21 =0 (3.38) 
[MMI]6J [NEI_M[2II[N2 
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At the back of the last layer n: 



















The complete multi-layered system can be written in a global matrix: 
[N[1] 
]0 
[MM1]b] [-M[2ll 0 P[2] 
. 







... ... ... .. 0 0 
000 [M[fll]b] [_M[n j n-1] 0 
000 0 [L[fl]bl 





By solving this system, [N[! ]] is obtained. It gives the amplitude of the wave potentials 
reflected into the first layer (the area of study in the FE model). The amplitude of the 
wave displacements is therefore derived from this data using the expressions defined 
in Section 2.2.1. Finally, reflection coefficients are deduced from this. 
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Analytical results: - Longitudinal wave reflection FE results: x L-wave 
- Shear wave reflection x T-wave 
Evanescent wave reflection 
Figure 3.11. Reflection coefficient for a given ALID obtained with bulk wave analytical and FE 
models 
There is an excellent agreement between the FE and analytical results. As for the PML 
case, one can note the importance of the range of angle of incidence in validating the 
acceptability criterion. Although the ALID and PML used in this section should not be 
quantitatively compared, the general shape of the curves in Figure 3.10 and 3.11 at high 
angles of incidence indicates that the efficiency of absorbing layers for both non mode 
converted reflected waves deteriorates faster for ALID than PML at these angles. 
Therefore ALID can be considered as more sensitive to high angles of incidence than 
PML. The presence of a critical angle for incident shear waves is also noticeable and 
should be considered when validating the layer. 
The excellent agreement between FE and analytical model confirms that the analytical 
model can be used in the process of quickly determining the ALID parameters. When 
defining an ALID, we recommended to use a value of p equal to 3 and find the right 
combination of thickness and Cm,,, to minimize the thickness of the ALID. 
For time domain models, the frequency spectrum of a signal is not constant. Taking 
this into account relaxes the constraints to define an acceptable layer and therefore 
leads to thinner layers. 
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3.4.2 Analytical model for 2D guided wave cases 
The aim of the analytical model for guided wave cases is to evaluate the reflection 
coefficient of guided waves from a given absorbing layer over a range of frequencies. 
This part presents the case of guided waves in a 2D plate. The same approach could 
readily be taken for wave guiding phenomena in pipes or cylinders. 
3.4.2.1 Consideration for guided wave PML implementation 
In an elastic medium, modes are defined by the following equation: 
u(x, y, t) = ux(y)e 
(kx-(or) 
(3-44) 
In the PML, this equation becomes: 
-Axkx 
u(x, y, t) = ux(y)ei(k', x-wr)e 
L (3-45) 
As mentioned above, in an elastic wave guide, kx can be real, imaginary or complex. 
When kX is a real number, the wave behaves in the same way as a bulk wave: the wave 
enters the PML without reflection and decays inside it. 
It is important to mention that PMLs have not been created for evanescent waves 
(imaginary or complex wavenumber) and do not work well with them [63,64]. At best, 
the natural decay of these waves carry on as they propagate in the PML. Let us take the 
example of a wave with an imaginary wave number kX i. k with ka real number. In the 




u(x, y, t) = ux(y)e ee (3.46) 
The decay is the same as in the elastic area so the wave continues its normal decay in 
the PML but now there is also a propagating part added to it. This part varies in the 
PML and leads to a change in impedance. This can also lead to spatial under sampling 
causing numerical reflection. This confirms that PML is not suited to evanescent 
modes. A large amount of research has been done regarding this issue in the domain of 
electromagnetism [65,66,67]. Evanescent waves by essence decay and usually do so 
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rapidly so they are usually very localised in practical cases. A pragmatic approach is 
therefore to make sure that PML are placed so that only evanescent waves of negligible 
amplitude (which have sufficiently decayed) reach them or that their potential 
reflection from the PML will not influence the area of interest in the model. 
Another type of guided wave which has proved to be problematic with PML is 
backwardly propagating modes which in essence are waves whose group and phase 
velocities are of opposing signs. A backward travelling wave incident at a PML will 
have a negative wave number kx -k with ka real positive number. In the PML, the 
wave is hence described by: 
A; k- 
u(x Y, t) = uX (Y)ei(-kx-cot) ee (3.47) 
It is easy to see that this expression will lead to the wave growing exponentially inside 
the PML, instead of decaying, which clearly is a problem. 
Since these waves only occur over a very limited range of frequencies, which usually 
is of no practical interest in NDE applications, one way of avoiding the problem is 
simply to avoid these frequencies. This can be achieved easily in the PML implemen- 
tation presented here as the models are solved in the frequency domain. A study 
performed at Imperial College [68] showed that it is possible to fix the problem by 
performing a modal decomposition using the bi-orthogonality relations of the guided 
modes [69] and channelling them to separate PMLs defined such that all wave types 
are absorbed correctly. This is an attractive approach in cases where access to the 
coding is possible, but is out of reach for the standard packages used in this study. If 
the frequency range of study includes the possibility of backwardly propagating waves, 
one pragmatic alternative is to use ALID instead of PML as ALID does not have any 
difficulty absorbing backwardly propagating waves. 
3.4.2.2 Validation procedure 
In order to confirm the validity of the analytical models, their results are compared with 
results from FE models. 2D plane strain models shown in Figure 3.12 are used. As for 
bulk waves, the use of "ultra" ALID is necessary. The excitation is applied over the 
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thickness of the model on one side of the area of study where an "ultra" ALID is placed. 
On the other side is the layer studied, either an ALID or a PML. The displacement is 
monitored along a line in the area of study and the amplitude of the incident and 
reflected signal are determined by performing a 2D FFT. 
irca of study . 
I'MML or . \I. l l) 
. "( Ilca" ALll) 114' Excitation III Spatial EE L 
Figure 3.12. FE model used to validate the guided wave analytical models. 
The plate is 8mm thick and made of aluminium (p=2780kg/m3, E=70GPa, v=0.33). It 
is excited at frequencies ranging from 114kHz to 186kHz. At these frequencies, the 
two fundamental modes, AO and SO, are studied. For these cases, the PMLs are defined 
with L= 13. l mm, A1.2.66e6 and p=3 for SO and L= 6.55mm, AX 2.66e6 and p=3 for 
AO. The ALID are defined with L= 13.1mm, CM,, ,,, =2.66e6 and p=3 
for SO and L= 
76.5mm, CM,,, üx=1 e6 and p=3 
for AO. 
Performance of the two techniques should not be compared using these examples as 
the layers are not optimized. 
3.4.2.3 PML analytical model for guided wave cases 
The analytical model used to determine the reflection coefficient of a PML is based on 
the knowledge of the decay of the mode in the layer and the reflection of modes at the 
end of the layer. 
Propagating modes are treated using a model similar to the PML bulk wave model. One 
difference is that any mode conversion that may occur at the end of the PML is not 
taken into account in the analytical model and total reflection is assumed. Each 
propagating mode is considered independently. The reflection coefficient for each 
propagating mode is equal to: 




As for the case of bulk waves, the issue of numerical reflection needs to be taken into 
account. In a given model, the wave which suffers the most from numerical reflection 
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is the one with the highest wave number (and hence the shortest wave length) as it is 
the most strongly attenuated (i. e.: the decay occurs on fewer elements than the other 
waves). 
As a starting point, a layer whose length Lo,. is equal to the shortest wavelength is taken. 
Numerical reflection will be the lowest for the lowest value of Ax that satisfies the 
acceptability criterion RCdB. Experience has shown that for this PML length, the 
calculation can be based on the theoretical value and the numerical reflection can be 
confidently neglected. Ax is taken equal to: 
RCdj' 
Ax = -0.5 




Keeping this value of A, all the other waves will be less strongly attenuated. The wave 
with the longest wavelength (and so the shortest wave number) will have the slowest 
decay in the layer. In order to correctly define the PML over the range of wave 
numbers, the length of the layer for the previously defined Ax is increased to achieve 









Using equation 3.49 and 3.50, the length of the PML is: 
I 




Validating that the reflection coefficient is acceptable for each propagating mode 
ensures that the PML is correctly defined. As mentioned before, this formula is only 
valid for propagating modes. Evanescent and backwardly propagating modes need to 
be dealt with separately. 
Clearly, Lor directly influences the final length of the PML but this can be reduced to 
less than the advised value if required although caution is necessary in this case. The 
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formula also highlights that the final length of the PMLs depends on the ratio of the 
extreme wave numbers. High ratios typically occur at frequencies just above cut-off 
and lead to potentially long PMLs. 
As shown previously, evanescent waves are not correctly dealt with by PMLs and it is 
necessary to make sure they do not have a significant impact on the displacement field 
of the area of study. The evanescent wave with the smallest imaginary part k"min 
(which has the lowest decay rate) is considered. Its amplitude is conservatively taken 
equal to 1 at any feature which can generate evanescent waves (e. g. defect, source). It 
is also conservatively considered that an evanescent wave incident at a PML would be 
totally reflected. In order to have an acceptable displacement field between the PML 
and the feature, the wave needs to have decayed sufficiently (i. e. its amplitude is equal 
to RCdB) when it reaches the PML. 




log 10( 20 (3.52) V min 
In cases where the displacement field between the PML and the feature is not 
monitored, one can use: 
RCdB) 




In these cases, the wave amplitude is equal to RCdB as it reaches the feature after being 
reflected and is therefore acceptable. 
Results from the analytical model are compared with FE results obtained for the first 
fundamental propagating modes AO and SO with the parameters defined in Section 
3.4.2.2. Figure 3.13 shows that there is an excellent agreement between both sets of 
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Figure 3.13. Reflection coefficient for a given PML obtained with guided wave analytical and FE 
models 
3.4.2.4 ALID analytical model 
The following analytical model determines the reflection coefficient of ALID for 
guided waves in plates modelled in 2D plane strain. It is based on a multi-layered 
approach and makes use of an impedance matrix. 
An infinity of modes can exist in a given guided wave system. A finite number of 
modes are selected. This selection is based on the characteristics of the wave number 
of the mode in the elastic part of the model. All real (propagating) and imaginary 
(evanescent) modes and a finite number of complex modes (inhomegeneous) are 
included in the model. As explained before, each layer in the ALID has the same elastic 
properties as the area of study save for having a gradually increasing damping. As for 
bulk waves, the damping causes the properties of the waves to vary as they propagate 
through the ALID. The actual properties of modes existing in each layer inside an 
ALID need to be calculated by solving the Rayleigh equation using the properties of 
each layer. All modes have a complex wave number in the ALID. As for bulk waves, 
the real part of the wave number varies as the damping is increased, leading to a change 
of acoustic impedance inside the layer and therefore causing reflection. Contrary to the 
PML, due to the physical properties of the ALID materials, all modes including 
backwardly propagating modes decay in the ALID [31 ]. 
so 
71 




Modelling waves in unbounded elastic media using absorbing layers 
In guided wave cases as in bulk wave cases, ALID can be seen as a series of finite 
layers with varying properties. In 2D, the symmetric and anti-symmetric modes can be 
treated independently as ALID are symmetric with respect to the mid plane of the plate. 
The model defined in this section is a development of a model by Pagneux [70]. The 
idea is to define a global impedance matrix of the ALID that can be used to determine 
reflection coefficients. The matrix is defined starting from the end of the ALID and 
propagated through each layer and each interface between these layers until the area of 
study. Let us consider a multi layered system as represented in Figure 3.14 where layer 
1 represents the area of study. 




xb Xf xb Xf xb xf xb xf xb Front or back face 
Figure 3.14. Definition of the multi layered system 
One starts by noting that at any point in the plate and ALID the total displacements and 
stresses (subscript tot) are equal to the sum of the displacement and stresses of the 
modes travelling in the positive (po) and the negative (ne) x-direction. Combining this 
with the symmetry properties of the Lamb wave mode shape, we have: 
ux(tot)(X, Y) ux( O)(x, Y) Ux(ne)(X, Y) 
uy(tot)(X, Y) 
= 
uy(Po)(X, Y) + Uy(ne)(X, Y) 
ßxx(tot)(x, Y) ßxx(po)('x, Y) Qxx(ne)(x, Y) 
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n 





u (y) (3.56) 
axx(ne)(X, Y) 
1 axx(y) 
n 6xy(ne)(x, Y) 
-azy(Y)] 
One defines an(x) = An(x) - B(x) and b(x) = An(x) + B(x), so equation 3.54 








6xx(ror)(x1Y) 1 axx Y) 7XY(ror)(xýY) 1 any(V) 
One defines a(x) = 
[ai(x) 
... a,, (X)] 
T 
and b(x) = [b1(x) ,,, b(x)] 
T 
and the 
impedance matrix as: 
a(x) = Z(x)b(x) (3.58) 
Inside a layer, the impedance matrix can be propagated between the back (b) and the 
front (f) of a layer d. One has: 




iS ad (xb) (3 60) [bd(Xf)] [IS C Lbdxbi 
with C and S, diagonal matrices made of cos(kn(xf-xb)) and sin(k(xf-xb)) 
elements respectively. 









Modelling waves in unbounded elastic media using absorbing layers 
This formulation shows instabilities [70] and the following equation is a better 
alternative: 
Z"(xf) = -irl +S-1 
rZd(xb)-iT 11-1,5 1 (3.62) 
with T, a diagonal matrix made of tan(k(xf-xb)) elements. 






l (xf) ux' 
d+ 1(y) 
(3.63) 
n, d n, d+l 
1 ßxx (Y) 1 axx (y) 








1 Luy (Y) 1 uy (Y) 
These expressions are multiplied by 
r6m, d() 1 um, 
d(, )I and 
Ty 
[uz ,d+t () 6, 
d+ I (Y respectively and integrated over the thickness of the plate: 
nah 
(xb) f 'd 

































m, d+l n, d 
dy=n (f f 
m, d+l n, d+l 
1 -h Qxx 
(Y) uy (Y) 1 -h ßxx 
(Y) uy (Y)- 
(3-66) 
One has: 
dd_ d+1 d+l 




d= b''4 1(xf) Jcl nt, d+ 1 (3 68) 
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The analytical expression of the matrices coefficients is calculated analytically as the 
stresses and displacements in the plate are known. Using the last two equations, the 
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The bi-orthogonality relation [69,71] leads to: 
vn, m Vn, msn, m 
(3 71) 
(3.72) 
The final missing part to describe an ALID is the determination of the behaviour at the 
end of the last layer. At this point, there is a stress free condition: 
axxend (ror)(xb) =0 and axy(lor)(xb) =0 (3.73) 
end 
rend 
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T 
One multiplies equation 3.76 by: 
ruz 
, end ) um, end 





end um, end nd (Xb) 
J n, end m, end 
) 





1 -h xy 
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uy (Y) 1 -h 
0 uy (Y) 
(3.77) 











Zend(xb) is used in equation 3.62 to obtain Zend(xý which is used to obtain Zend-1(xb) 
with equation 3.71 and so on until Z'(xb)=ZALID, which represents the total impedance 
of the ALID. 
The following expressions are defined: A 1(xb) _ 
[Al(xb) 
... A(xb)]' and 
1T 
B (Xb) : '- 
[BI(xb) 
... Bn(xb) . 
At the entrance of the ALID, A1(xb) is proportional 
to the amplitude of the modes incident to the ALID and B1(xb) to the reflected modes: 
[B'(xb)] ° 
[z_zALJD][I+zALJDf'[A'(xb)] [RC] [AI 
(xb)] (3-80) 
In order not to over-complicate the model, each mode is studied separately and it is 
conservatively assumed that each mode has a unit amplitude as it reaches the ALID. 
The diagonal of matrix [RC] gives the ratio of the reflected to incident amplitude for 
each mode (propagating and evanescent). This value is used to evaluate the compliance 
of all modes with the acceptability criterion. As all modes are considered, the ALID 
can be placed very close to any feature (e. g. defect, source) in the model. 
Results obtained with this analytical model are compared with FE models with the 
parameters defined in Section 3.4.2.2. Results for propagating modes are presented in 
Figure 3.15. There is an excellent agreement between both techniques so the analytical 
models can be confidently used to determine parameters of the ALID. 
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Figure 3.15. Reflection coefficient for a given ALID obtained with guided wave analytical and FE 
models 
3.5. Demonstrators 
These demonstrators show the possibilities and gains that can be achieved using 
absorbing layers. 
3.5.1 Computational efficiency 
These models demonstrate that a significant gain in computational efficiency can be 
achieved by implementing the 2 absorbing layer techniques presented in this chapter 
in real life cases. The parameters of the layers used in this part were obtained using the 
analytical models defined previously. 
3.5.1.1 Bulk wave model 
This model is a realistic simplified practical bulk wave case represented in Figure 
3.16. a. The material used is steel (p=7800kg/m3, E=200Gpa, v=0.33). The model is 
excited by a point force on the top free surface acting at 45 degrees to the normal (in 
order to extend the generality of the model). It is applied in the form of a 2MHz 5 
cycles tone burst (Blackman Harris 3 terms). A simplified horizontal 4.5mm crack is 
located 30mm under and to the right of the excitation point. The aim of this is to 
monitor the interaction of the waves with the free surface and the defect by monitoring 
the displacement at a chosen point. In this example, the monitoring point is located at 
the excitation point. 
77 
Chapter 3 











Area of study 
  
Absorbing layer 
Figure 3.16. a) bulk wave demonstrator, FE model: b) without absorbing layer, c) with ALID, d) with 
PML. 
Without using absorbing layers, the model needs to be 100mm by 200mm (Figure 
3.16. b) in order to achieve separation of the first reflections from the defect and the 
unwanted reflections at the monitoring point. 
For models using absorbing layers, the acceptability criterion is set at -60dB meaning 
that the maximum reflection from the absorbing layers will be smaller than 0.1% of the 
maximum displacement of the excitation point. Using the models described previously 
in this chapter to define the required PML or ALID and taking into account the 
frequency spectrum of the excitation, the model size can be reduced to 66.5mm by 
56mm (Figure 3.16. c) using ALID and 33.5mm by 13.5mm (Figure 3.16. d) using 
PML. The thickness of the ALID is 16mm, CM r.. x 
is 11 e6 and p is 3. The PML is 3mm 
thick, Amax is equal to 2.3e9 and p is 3. The thickness of the PML is smaller than the 
ALID one because of the perfectly matched impedance. It should also be noted that the 
area of study is smaller for the PML case than for the ALID case because ALID is more 
sensitive than PML to waves incident at high angles. The geometric size of the 2D 
model is divided by 5.35 with ALID and 44 with PML compared with the classical 
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technique. This reasoning can be extended to a 3D model of the same case where the 
model size would be divided by 15 and 655 respectively. 
An added benefit of models using absorbing layers is that the complete area of study 
is clean of any unwanted reflection. This can help a better understanding of the 
physical phenomena occurring in the model. Figure 3.17 shows the displacement field 
obtained for the ALID case described above. The absolute value of the displacement is 
represented and, in order to highlight low amplitude reflection, the colour scale only 
spans up to 0.1 % of the maximum absolute displacement in the model. These figures 
show that there is no visible reflection coming back from the ALID into the area of 





Figure 3.17. Absolute displacement field for the bulk demonstrator with ALID at time: a)5µsec 
b) I 0µsec c)15µsec d)20psec. Colour scale extends from 0 (blue) to 0.1 % (red) of the maximum 
absolute displacement. Grey indicates out of scale (0.1% to 100%). White dashed line indicates the 
boundary between area of study and ALID 
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3.5.1.2 Guided wave model 
The guided wave model represented in Figure 3.18. a is a simplified practical case 
which has been used extensively in guided wave research. An 8mm thick aluminium 
(p=2780kg/m3, E=70Gpa, v=0.33) plate is excited by a 150kHz 12 cycles tone burst 
(Blackman Harris 3 terms) with a point force at 45 degrees in order to strongly excite 
both fundamental modes. Over the frequency range excited, the fundamental 
symmetric and anti-symmetric modes can propagate in the medium. The plate contains 
a 2mm by 2mm slit located 700mm from the excitation. If the first reflections from the 
defect were studied without using absorbing layers, the model would need to be 
2700mm long (Figure 3.18. b) to avoid the presence of unwanted reflections reaching 
the monitoring point before the reflections from the slit. 
Using the analytical models devised above and taking into account the frequency 
spectrum, an optimized ALID is 80mm thick. In this case, CM,,, is 2.1 e6 and CM 
varies following a cubic law. The left hand side ALID starts at the excitation point and 
the right hand side ALID 3mm behind the slit. The model size is divided by 3.12 
(Figure 3.18. c). 
Using the analytical model, an optimized PML is 18.5mm thick. A,,,,, is 8.36e5 and a 
varies following a cubic law. As only the field between the slit and the excitation point 
is of interest, it is calculated (taking advantage of the shape of the frequency spectrum) 
that the PML needs to be located 29mm away from these features. The model size is 
hence divided by 3.38 with PML (Figure 3.18. d). 
----------------------- 
a) 150k1 lz4 700mm 
2mm 
Area of study 







Figure 3.18. a) guided wave demonstrator, FE model: b) without absorbing layer, c) with ALID, d) 
with PML. 
Figure 3.19 shows the displacement field for the ALID case described above. A scale 
factor of 10 is applied in the vertical direction in order to improve the visibility. The 
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colour scale is adjusted to highlight the low amplitude part of the absolute 
displacement field. Figure 3.19. a shows the 2 modes propagating in the plate. On 
Figure 3.19. b one can see the reflection of these 2 modes from the defect. As mode 
conversion occurs at the defect, 4 wave packets exist. On Figure 3.19. c the last wave 
packet is about to enter the ALID and the absence of any other visible wave packets 
reflected from the ALID can be noted, although some numerical noise in the form of 
low amplitude long wavelength waves can be observed. Other models were run and 
confirmed that this noise is not related to the ALID. Finally, Figure 3.19. d shows that 
all modes have been correctly absorbed indicating that the ALID worked correctly. 
a) t=150 
b) t=300 tt cc 
c) t=450 ý 
d) t=600 
Color range: 101) of max 
Color ranu*e 2°/% of max 
II 
ýý 
Color range: 2% of max 
Color range: 2% of max 
Figure 3.19. Absolute displacement field for the guided demonstrator with ALID at time: a)150µsec 
b)300µsec c)450µsec d)600µsec. Colour scale is varied and extends from 0 (blue) to 2% or 10% (red) 
of the maximum absolute displacement as indicated on the figure. Grey indicates out of scale (2% or 
10% to 100%). White dashed Iine indicates the boundary between area of study and ALID. 
3.5.2 Time reconstruction 
As mentioned in the introduction, our implementation of the PML can only be used in 
the frequency domain. Wave propagation time domain results can be obtained by using 
absorbing layers (either ALID or PML) and running the model in the frequency 
domain. Results are then processed with an inverse Fourier transform. The aim of this 
case is to describe the method used to do this, using an example of modelling of guided 
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Input Monitoring point 
ALID Notch ALID 
Figure 3.20. Model geometry for time reconstruction case 
In this case, the first anti-symmetric mode AO is generated in an 8mm thick aluminium 
plate with a 2mm by 2mm rectangular notch as shown in Figure 3.20. The excitation 
time signal desired is a 150kHz 10 cycle tone burst applied in the normal direction to 
the plate. Frequency domain input data is defined by FFT of the time excitation shown 
in Figure 3.21. Most of the energy is concentrated between 120kHz and 180kHz. Only 
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Figure 3.21. Input preprocessing 
AO mode generation is achieved by applying the input data as a force in the normal 
direction over a region on the top and bottom surfaces of the plate, in a spatially 
windowed sine wave whose wavelength matches the wavelength (obtained using 
DISPERSE for example) of the desired mode. This is shown in Figure 3.22. For this 
case, ALIDs are used to absorb incident waves but PMLs could have been used 
similarly. The complex normal displacements for each frequency are monitored 
700mm away from the defect and an inverse FFT is applied to this complex spectrum. 
The real part of the inverse FFT result gives the time traces. In order to validate the 
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a) 45 \ b) 135mm 
Amax 
( I! kAO( 4 0 -º 
120 Freq. (kHz)180 XA0(f 
Figure 3.22. a) dispersion curve data used for input definition, b) input definition 
Results are presented in Figure 3.23. At the monitoring point, results from the different 
models agree with high accuracy in terms of propagation velocities and relative 
amplitudes. Differences on both of these parameters are smaller than 1'%. This 
confirms that it is possible to obtain wave propagation time domain results by using 
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0 Time (ms) 0.6 
Figure 3.23. Normal displacement monitored 700mm away from the defect. a) Classical time domain 
analysis with ABAQUS, h) Frequency domain analysis with ABAQUS, c) Frequency domain analysis 
with OMSOl. 
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3.5.3 Wave scattering 
Using absorbing layers in models designed to study wave scattering can greatly 
simplify them in addition to reducing their size compared to classical models. 
3.5.3.1 Single-mode reflection coefficient 
The model used in this section is similar to the one used in [72]. The plate used is 3mm 
thick and made of steel as defined in the published paper [72]. A notch 0.5mm deep is 
positioned Im away from the excitation. The width of the notch is varied from 0.5mm 
to 5mm in separate analyses. The COMSOL FE model is represented in Figure 3.24. It 
is excited by an harmonic normal force whose amplitude is constant through the 
thickness of the plate. The frequency of the harmonic excitation is varied from 400kHz 
to 500kHz. ALID are placed on each side of the area of study to absorb any incoming 
wave. 
ALID 
Excitation monitoring zone 
Figure 3.24. Representation of model used for guided wave scattering validation 
ALID 
The complex out-of-plane displacements are monitored mid-plane between Om and 1m 
away from the excitation. This data is used to perform a spatial FFT [61 ] which yields 
the amplitude of the incident wave AO,,,,. and the reflected waves: AOYejý as shown in 
Figure 3.25. It should be noted that the position of the peaks indicates the wave 
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The reflection coefficient RC is evaluated in the following way: 
A O,. 
er RC=`40inc (3 81) 
The notch width varies from 0.5 to 5mm and the wavelength from 5.17mm to 6.16mm. 
The notch width is therefore varied from 8.1% to 96.7% of the wavelength. In Figure 
3.26, the reflection is plotted against the notch width. Results from the COMSOL 
models are compared with the published experiments and published finite element 
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Figure 3.26. Reflection coefficient against notch width 
It can be seen that results obtained from time domain modelling with FINEL and 
frequency domain modelling with COMSOL agree very well. Incidentally, the 
agreement of the COMSOL results with experimental ones is similar to the agreement 
of FINEL results with experimental ones. 
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3.5.3.2 Multi-mode reflection coefficient 
The aim of this case is to show that multi-mode reflection coefficients from a scatterer 
can be easily obtained using frequency domain analysis and absorbing regions. This 
case was developed with Ludovic Moreau and formed part of a publication [31]. 
The model set up is similar to the previous case although the dimensions are changed 
and the excitation is defined so that only the fundamental anti symmetric mode is 
excited as was done in section 3.5.2. The plate is an 8mm thick aluminium plate with 
a 2mm by 2mm notch. The excitation frequency is varied from 140kHz to 500kHz by 
steps of 15kHz. ALID are placed on each side of the area of study. The normal 
displacement is monitored on the top surface of the plate over a region whose length is 
equal to 3 times the longest wavelength in the model. It is used to perform a spatial FFT 
[61 ] which gives the relative amplitude of the normal displacements for each mode. As 
the mode shapes of each mode is different, it is necessary to use power-normalized 
mode shapes in order to obtain the reflection coefficients in terms of energy. 




with A;, the amplitude of the displacement in a given direction at a through thickness 
position given by the spatial FFT and Mj, the value of the displacement in the same 
through thickness position and direction of the power normalized mode shape of the 
mode of interest. In this way, it is possible to verify that the summation of the energies 
carried by the different modes reflected and transmitted from a defect is equal to the 
energy of the incident mode. Reflection coefficients are calculated by dividing the 
value of the energy carried by each mode by the value of the energy carried by the 
incident mode (AO in this case). 
Results obtained with ABAQUS and COMSOL (both using ALID) are shown in 
Figure 3.27. The evolution of the reflection coefficient from an AO incident mode for 
frequencies ranging from 140kHz to 500kHz is presented for each possible mode. They 
agree well, showing the same patterns, the maximum difference over the range of 
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Figure 3.27. Energy retlection coefficient for AO incident on a 2mm square notch in an Rmm thick 
aluminium plate from 140kh z to 500kh z 
In this case, as several modes having a large range of velocities are present, the use of 
absorbing regions greatly simplifies the obtention of the reflection curves. 
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3.6. Discussion 
The previous demonstrators have highlighted the gains obtained by using ALID or 
PML and have also shown that PML generally achieves smaller model size than ALID. 
This can be explained by the fact that with PML the layer matches the impedance of 
the area of study perfectly whereas for the ALID the strength of the decay is limited by 
the impedance change it causes. As a consequence, for a given case, ALID is generally 
thicker than PML. It is also more sensitive to waves incident at high angles leading to 
a necessary increase of the area of study in order to minimize the model size. In short, 
PML is superior to ALID from a theoretical point of view for all wave types except 
evanescent and backwardly ones. As the aim is to improve modelling capabilities, this 
gives an advantage to the PML technique but it has to be balanced by the fact that, to 
our knowledge at the time of writing, COMSOL is the only mainstream FE package 
that allows implementation of PML. The implementation is limited to frequency 
domain solving with implicit solvers whereas ALID can be implemented to be used 
with any FE package which allows Rayleigh damping. The actual performance 
comparison depends on the type of result required. 
A user wishing to obtain frequency domain results such as the reflection coefficient 
from a defect has a choice of directly using either PML or ALID. The two best 
combinations investigated are ABAQUS with ALID and COMSOL with PML. 
ABAQUS models were solved using the "Direct-solution steady-state dynamic 
analysis" procedure of ABAQUS/Standard which uses a direct implicit solver. 
COMSOL offers a range of direct and iterative implicit solvers. Direct solvers have 
proved to be robust and efficient but limited in terms of the number of degrees of 
freedom that can be solved. Iterative solvers showed improvement in terms of speed 
and memory but convergence proved difficult. Overall, in our experience, using 
COMSOL 3.2 and ABAQUS 6.6, COMSOL did not match the performance of 
ABAQUS for a given number of degrees of freedom. Given these two combinations it 
is therefore not possible to clearly recommend one of them, as the best solution 
depends on the specific details of the model considered. 
For time domain results, the most straightforward approach is to use ABAQUS/ 
Explicit with ALID. The explicit solver of ABAQUS uses the central difference 
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algorithm. It is particularly attractive for large models as it is faster and more memory 
efficient than an implicit solver. This technique is recommended for most cases where 
time domain results are required. An alternative is to solve the model in the frequency 
domain and reconstruct the time domain results by performing an inverse fourier 
transform. 
3.7. Conclusion 
In this chapter, 2 techniques to remove unwanted reflections from the boundaries of FE 
models were investigated: ALID and PML. The principles of these techniques were 
described. Analytical models to facilitate the efficient and reliable design of FE models 
to exploit them were developed. Using demonstrator cases, it was shown that both 
techniques enable a significant reduction in model size which justifies their use. The 
discussion explained the wider considerations to assist the choice of technique for 
practical cases. Given the pace of recent developments in computer technology and 
software packages in the last few years, the constant improvement of modelling 
capabilities was witnessed and it was also realized that modellers constantly test the 
modelling capabilities to their limits. The use of absorbing layers presented in this 
chapter clearly aims at pushing these limits further and the analytical models devised 
enable to streamline the achievement of an efficient model using these techniques. 
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4.1. Introduction 
In the process of moving from the genesis of a numerical model to its conclusion and 
the obtention of results enabling a better understanding of a physical phenomenon, a 
modeller takes a series of design decisions. In the context of wave propagation 
modelling, the choice of the solving technique, mesh density or time step influences 
the successful outcome of the exercise but also the level of accuracy with which the 
phenomenon is represented. Approximation by discretization of the space and time 
leads to a discrepancy between theoretical physical values and their actual values in the 
model. One of the parameters suffering from this is the propagation velocity of bulk 
waves in elastic media. This study looks into how this is influenced by design decisions 
and aims to provide modellers with information enabling them to improve not only the 
quality of their modelling (adequate decision making) but also the quality of the 
analysis made based on the numerical results (quantitatively taking into account the 
numerical deviation). There is also an interest in understanding the reasons for mesh 
scattering where a change in mesh size causes some numerical reflection. This is an 
important point as a better understanding of this could lead to vast increase of 
modelling capabilities by enabling local mesh refinement to be implemented. 
In this chapter, both explicit and implicit solvers used with a range of element types are 
studied. Regular meshes made of square or equilateral triangles are investigated first. 
These meshes are then distorted in order to understand the influence of element 
deformation on wave velocities. The general approach is to run a series of FE models. 
The results of these models enables the identification of simple functions to describe 
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Details from all the studies performed are presented in this chapter. This is done in 
complete details in order to provide a useful general reference to users for future use. 
Being aware that providing such a level of details for all cases studied does not help 
with the flow of the chapter, it is suggested for users interested in a particular case to 
investigate findings for this particular case and then to proceed to general discussion 
and conclusions. Users interested in the principles will find them described in the 
following sections: 4.2.1 (explicit solving), 4.3.1 (implicit solving), 4.2.2.1 (square 
elements) and 4.2.3.1 (equilateral triangle elements). 
4.2. Explicit solving 
4.2.1 Introduction 
For time domain models solved with an explicit scheme (ABAQUS/Explicit), we 
investigate the influence of the time step, mesh density and angle of incidence for 
linear quadrilateral elements (CPE4R), linear triangular elements (CPE3) and modified 
quadratic triangular elements (CPE6M) for both longitudinal and shear waves. 
FE models are run for each case and post processing leads to the obtention of a precise 
value of actual propagation velocity in the model. For simplicity, all models are non- 
dimensional: density p=1, frequency f 1, Young's modulus E=8/3, Poisson's ratio 
r1=1 /3 so that we have a longitudinal velocity cL=2 and shear velocity c,! ý-- 1. Models are 
made with a regular mesh of elements and represent an area covering at least 20 
wavelengths away from the excitation point (different model sizes were taken for 







Area of study 
Figure 4.1. Definition of the main feature of the model 
Models are 2D plane strain. Both shear and longitudinal wave generations are 
considered, as models are excited by nodal forces being applied on four elements as 
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shown on Figure 4.2. This generates an almost pure wave - shear or longitudinal - and 
as the size of the source is only a fraction of a wavelength, it is close to a point source. 
The point located at the centre of the four elements is referred to as the excitation point. 
a b C 
Figure 4.2. a) Longitudinal and b) shear wave excitation for a square element mesh and c) longitudinal 
and d) shear excitation for a triangular elements mesh 
The time domain excitation signal is a sine function of unit frequency. Displacements 
are monitored over a disc area centred on the excitation point of 18 wavelengths radius. 
Spatial FFTs are performed on the displacements over a range of radii at different 
angles in a similar way to the example presented in Section 3.5.3.1. On these radii, only 
the displacements from 3 to 18 wavelength from the centre are used. The signals used 
for the spatial FFTs are Hanning windowed and padded in order to improve the 
velocity precision. As some coarse meshes are used, cubic interpolation is performed 
in order to increase the ability to look correctly at the influence of the direction of 
propagation. 
ALID are placed outside the area of study in order to absorb incoming waves. 
4.2.2 Linear quadrilateral elements 
This section investigates models made of linear quadrilateral elements. In ABAQUS/ 
Explicit, the only element of this type is a4 node linear quadrilateral element with 
reduced integration referred to as CPE4R [14]. It should be noted that this element is 
the most commonly used quadrilateral element type. Meshes made of squares, 
rectangles, rhombi and parallelograms are investigated. 
4.2.2.1 Square elements 
This study looks into the velocity error for models made with square elements. The side 
of the square element is L=LO=L90 as shown in Figure 4.3. 
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Figure 4.3. Schematic defining LO, L90, L45 and LO in a mesh of square elements. 
The mesh density N is expressed in term of nodes per wavelength and is varied from 6 
to 30 along the side of the element: 
N= NO =L= N90 = L90 
(4i) 
In this chapter, the mesh density is defined relative to the considered wave. As the 
longitudinal wavelength is twice the shear one, for a given mesh density, the element 
size for longitudinal waves is twice that of shear ones. 
In the first series of models run, the Courant number CFL as defined in Section 2.3.1 
is varied between 1 and 0.05. Figure 4.4. a and 4.4. b represent the variation of the error 
on the longitudinal velocity ECL and shear velocity Ecs along the element side (at 0 
degrees) against CFL for various mesh densities N. Some shear wave models did not 
complete when run at the stability limit (CFL=1). The maximum CFL used for shear 
waves is 0.98. 
On Figure 4.4. a, it can be seen that the error on the longitudinal wave ECL is nil when 
the CFL is equal to 1. This is mentioned in [38] and can be explained by the fact that, 
in this case at 0 and 90 degrees, there is a match between the time stepping frequency 
and the highest frequency of a single element: 
At = 
OL 
=2 (4-2) CL (ii 
hence wn = 
AL 







































0 0.2 0.4 0.6 0.8 1 
CFL 
Figure 4.4. a) Longitudinal and b) shear velocity errors against CFL for various mesh densities at 0 
degrees. 
As CFL is reduced, the error increases and seems to reach an asymptote. 
On Figure 4.4. b, a similar phenomenon is observed although the error does not tend 
towards zero as CFL tends towards 1. This can be explained by the fact that the highest 
frequency of elements is determined by the (faster) longitudinal wave and not the 
(slower) shear wave (see equation 2.67). For CFL=1, the time stepping frequency does 
not match the highest frequency for a shear wave. This explains why the error is not 
zero for shear waves. 
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Let us consider a hypothetical critical time step for a shear wave at 0 degrees, Also, 





CS Wmax, LO CS 
&tsO is larger than At,, so the model could not be run as it would be unstable. We define 
M, SO as the ratio between Otso and Atcr: 
Atcr 
MSo = Atso 
(4-5) 
This leads to the following relation: 
At = CFLOtc,. = Msp " CFLAtso (4.6) 
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We also define: 
CFLX = MLOCFL = MSOCFL (4.9) 
Plotting the curves of Figure 4.4. a and 4.4. b against CFLX leads to a good agreement 
as shown on Figure 4.5. 
This confirms that the amplitude of the velocity errors on both waves are subject to the 
same mechanism. A general analytical function of CFLx fitting these curves is: 
2 E, (N, CFLx) = E, (N)(cFLX-+ 0) - (1- CFLX) (4.10) 
where EC(N)(CFLX--> 0) is the value of the velocity error when CFLxtends to zero. This 
value is dependent on the mesh density and can rightly be considered as the worst 
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Figure 4.5. Velocity errors against CFLX for various mesh densities at 0 degrees. 
possible error for a given mesh density. In order to establish the dependency, the 
velocity error for both the longitudinal and shear waves at 0 degrees are plotted against 
the mesh density N in Figure 4.6. For these cases, CFL is taken equal to 0.025. 
Following equation 4.10, for this value of CFL, the velocity error is less than 0.1% 
away from E,, (N)(cFL,. o) 
Figure 4.6 highlights the strong influence of the mesh density on the velocity error. The 
shape of the curve is hyperbolic and shows how the error varies from a value of about 
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Figure 4.6. Velocity error against mesh density for shear and longitudinal waves at 0 degree with a 
CFL of 0.025. 
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As mentioned previously, the mesh density value has a great impact on the 
computational model size and therefore the amount of memory required to solve a 
model. For example, in 3D, a model with N=30 would require 125 times more memory 
than a model with N=6. It would also take much longer to solve as the number of time 
steps would be multiplied by 5, and each time step would take longer to solve. This 
illustrates the importance of carefully choosing N to match the accuracy required. 
In order to facilitate the choice of N, the error variation can be fitted to the following 
analytical expression: 
_ 
180 180 (4.11) 
N2 2 (_1 
This expression gives the value of the velocity error within 0.15% in a conservative 
manner based on the results in this work. 
So far we have only considered the error along the element side (at 0 degrees). In a 
mesh of square elements such as the one in Figure 4.3, the mesh density is not constant 
for all angles of propagation of a wave. In particular, at element level, L0=L90 but 
L45= L0. In order to study this, the longitudinal and shear velocities were monitored 
from 0 to 90 degrees for various mesh densities N defined at zero degrees. As seen 
above, the error varies quite strongly for CFL close to 1 whereas it is almost constant 
at low CFL. For this series of models, a low CFL value of 0.05 is taken in order to avoid 
a variation of the error due to this parameter. 
Figure 4.7 shows the variation of the error against the angle for both wave types and a 
mesh density varying from 6 to 30. The expected symmetry exists at 45 degrees. The 
curves for both wave types and all mesh densities follow a similar pattern. The 
minimum error is located at 0 degrees and increases as the angle increases towards 45 
degrees where it reaches its maximum. There is a good match between shear and 
longitudinal errors which indicates that the same mechanism determines the error 
variation against the angle. 
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Figure 4.7. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle of 
incidence for various values of mesh density plotted in polar (a and b) and linear (c and d) plots. 
On Figure 4.8, it is very interesting to note that the actual error at 0,45 and 90 degrees 
matches the value given closely by the analytical expression of equation 4.11 when it 
is calculated using L as LO, L45 and L90. 
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Figure 4.8. Velocity error against mesh density for shear and longitudinal waves at 0 and 45 degree. 
The agreement is relatively good for all values of N. The maximum difference between 
the predicted values and the actual value is 0.6% for N=4.24 (mesh of density 6 at 45 
degrees). The analytical expression used for the prediction gives a conservative 

















On the influence of mesh parameters on elastic bulk wave velocities 
be a cause for concern. Such low mesh densities are only rarely used as the wave 
phenomenon is likely to be incorrectly represented. 
The agreement between predicted and measured values does not exist at other angles 
than 0,45 and 90 degrees if we were to use LO to calculate the mesh density N but it 
can be precisely predicted using another expression. The variation of the error between 
these values calculated with the analytical expression can be fitted to the following 
expression: 
E(9) = E(0)+(E(45)-E(O))(sin(2A180))2 
Tr I 
(4 12) 
with E(O) and E(45) the errors at 0 and 45 degrees calculated using equation 4.11 and 
0 in degrees. Therefore, we are able to predict the error for any direction of the mesh 
by using the fitted analytical expressions. 
As discussed previously, the value of CFLX influences the value of the error. At 45 
degrees, the value of 4tL45 and Ats45 is higher than AtLO and Atsp and is the highest in 
the model. This restricts the range of CFLX as illustrated on Figure 4.9 and implies that 
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Figure 4.9. Velocity errors against CFLX for various mesh densities at 45 degrees. 
Figure 4.10 presents the results of Figure 4.5 over a surface that shows the variation of 
the velocity error against the scaled Courant number CFLX and mesh density N. This 
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surface can be used to predict the error on the velocity in the principal directions of the 
mesh (0,45,90 degrees) for any mesh density and stability factor. 
A close fit to this surface is given by the analytical expression: 
Ec = 180 













Figure 4.10. Velocity error against the scaled Courant number CFLX and mesh density N 
For a given model, as shear waves have shorter wavelength than longitudinal waves, 
the mesh density is lower for shear waves than longitudinal waves. Also, as shown in 
this section, CFLX will be lower than for longitudinal waves. As the mesh density is 
lowest at 45 degrees, the overall maximum error will be indicated by equation 4.13 for 
a shear wave travelling at 45 degrees with the lowest CFLX. 
4.2.2.2 Rectangle elements 
The models studied in this part are similar to those used in the previous part apart from 
the fact that the elements are "stretched" in one direction to become rectangular. The 
element size in the vertical direction y is kept the same for all models so that the mesh 
density N in this direction is 15. The element size in the horizontal directionx is varied 
so that the mesh density N varies from 7.5 to 30. The ratio between the element side 
R=Lx/Ly is hence varied from 0.5 to 2 as illustrated on Figure 4.11 . a. The error on the 
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velocity is measured over a range of angles from 0 to 90 degrees and plotted on Figure 
4.11. b, c, d, e. Small circles are plotted on the linear plots. These represent the amplitude 
of the error predicted using the expression given in equation 4.13. 
a) Case 1: Case 2: Case 3: Case 4: Case 5: 
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Figure 4.11. a) Shape of the different rectangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various R 
plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate the error 
prediction along the element side and diagonal. 
It can be noted that, as seen in the case of square elements, longitudinal and shear 
waves react in a similar way to the element distortion. At 90 degrees, the mesh density 
is constant for all models. At this angle, the error is almost the same for all models and 
matches the prediction of equation 4.13 very closely, within 0.08%. As the angle 8 is 
decreased, it can be seen that the error increases smoothly - in a similar way to that 
observed for square elements - until it reaches its maximum. As would be expected, the 
maxima are reached at different angles depending on R, but it is interesting to note that 
the angle at which the maximum is reached matches the angle of the element diagonal 
only for R equals 1. In other cases, an angle difference exists and increases non linearly 
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as R moves away from 1. Interestingly, despite the drift of the position of the maximum 
error, the actual value of the maximum very closely matches the predicted error given 
using the diagonal of the element to evaluate the mesh density. The maximum 
predicted error is within 0.2% of the actual error. Following the maximum value, the 
error decreases smoothly to reach a minimum at 0 degrees. As expected, at this angle, 
the error varies as the mesh density differs. The error prediction at this angle agrees 
well with the actual result. It is therefore clear that the analytical predictions match the 
results obtained at 0 and 90 degrees extremely well. 
The study of square elements showed that the prediction on the diagonal of a square 
element could be used. For the other cases, it is also noticed that the analytical 
prediction of the velocity error on the diagonal closely matches the actual maximum, 
despite the fact that the diagonal angle does not match the angle at which the maximum 
occurs. Over the cases studied, the difference between predicted errors and actual 
maximum errors is 0.2%. It is therefore justified to apply the model devised for square 
elements to rectangular elements. 
4.2.2.3 Rhombus elements 
In this case, the model used for the square elements study is sheared so that all elements 
are deformed from a square to a rhombus. The models studied have a mesh density of 
15 along the sides of the elements. A low CFL of 0.05 is used. The shearing angle y is 
varied from 0 to 45 degrees by 15 degrees increments. The error on the velocity is 
monitored from -90 to +90 degrees, as in this case there is no symmetry in the 
horizontal direction. Results for longitudinal and shear waves are plotted on Figure 4.7. 
Small circles are plotted on the linear plots. These represent the amplitude of the error 
predicted using the expression given in equation 4.13. 
All cases for both longitudinal and shear waves exhibit two maxima and two minima. 
Contrary to the case with a mesh of rectangular elements, the minima occur at the same 
angle as the diagonals. This corresponds with the minima and maxima for LO. As 
shown on Figure 4.12. b and c, the values of the maxima and minima are well predicted 
in a conservative manner. It can be noted that the difference between the prediction and 
the measured error increases for maxima on the longest diagonal and decreases for 
maxima on the shortest diagonal. This is more pronounced for shear waves than 
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Figure 4.12. a) Shape of the different rhombic elements used in the mesh; Variation of the longitudinal 
(b and d) and shear (c and e) velocity error against the angle of incidence for various shearing angle y 
plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate the error 
prediction along the element side and diagonal. 
longitudinal waves. This phenomenon can be described as a stiffening of the element 
along the longest diagonal and a softening of the element along the shortest diagonal. 
As mentioned in the previous section, the critical factor determining the maximum 
velocity error is the error on the longest diagonal for shear waves. The stiffening 
occurring in this case is therefore beneficial to the modeller as it makes the predictions 
more conservative and thus safe to use. 
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4.2.2.4 Parallelogram elements 
The mesh in this case is sheared and stretched. This means that the elements are 
transformed from a square to a parallelogram shape. The mesh density is kept constant 
in both the horizontal and the vertical directions. Contrary to the rhombus case, the 
element sides are not of equal length. 
The models studied have a mesh density of 15 at 0 and 90 degrees. A low CFL of 0.05 
is used. The shearing angle y is varied from 0 to 45 degrees by 15 degree increments. 
The error on the velocity is monitored from -90 to +90 degrees as in this case there is 
no symmetry in the horizontal direction. Results for longitudinal and shear waves are 
plotted on Figure 4.13. Small circles are plotted on the linear plots. These represent the 
amplitude of the error predicted using the expression given in equation 4.13. 
The general evolution of the error agrees with the rhombus case. The error is the same 
for all cases at 0 degrees and agrees well with the prediction. Contrary to the rhombus 
case, but as for the rectangle case, there is a shift between the actual position of the 
maximum and the diagonal where it would be expected. This confirms that the shift is 
likely to be due to the difference in length of the two pairs of opposite edges. Despite 
this shift, the actual value of the error and the predicted value on the diagonal agree 
closely. As seen before, the maximum value for the shear wave error is increasingly 
overestimated as the shearing angle increases. This is interpreted as a stiffening of the 
element along its longest diagonal as it is deformed. The longitudinal wave does not 
seem to suffer from this effect as strongly as the shear wave. 
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a) Case I: Case 2: Case 3: Case 4: 
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Figure 4.13. a) Shape of the different parallelogramatic elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
shearing angle y plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate 
the error prediction along the element side and diagonal. 
4.2.2.5 Conclusion 
The study of square element meshes has shown that the error along the element sides 
and diagonals can be predicted by the expression: 
Eý, = 180 
(1 - CFLX2) (4-14) 
N2 
where CFLX is the scaled Courant number and N is the mesh density. 
105 
Chapter 4 
On the influence of mesh parameters on elastic bulk wave velocities 
Studies of deformed meshes made of rectangles, rhombi and parallelograms show that 
this expression also enables the obtention of a correct conservative approximation of 
the velocity error along the element sides and diagonals. This study looks at element 
deformation where square elements are stretched with element side ratios up to 2 and 
sheared up to 45 degrees. The main consequence of this point is that it indicates that as 
square elements are deformed in such a way, they do not lose their precision 
dramatically. Therefore, it is acceptable to apply such deformation to square elements 
in practical models. 
4.2.3 Linear triangular elements 
This section investigates models made of linear triangular elements. In ABAQUS/ 
Explicit, the only element of this type is a3 node linear triangular element called CPE3 
[ 14]. Meshes made of equilateral, isosceles and scalene triangles are investigated. 
4.2.3.1 Equilateral triangle elements 
In this part, the influence of CFL and N on wave propagation in a regular mesh made 
of linear equilateral triangular elements is investigated. A typical mesh is shown in 
Figure 4.14. 
Figure 4.14. Schematic defining LO, L90, L30 and LO in a mesh of equilateral-triangular elements. 
The critical time step for this case is determined by the value LO and not the element 
side length L30 or L90 as in the square element case, as explained in Section 2.3.1. The 
Courant number CFL is varied from I to 0.05 and the mesh density N ranges from 6 to 
30 along the element side. 
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A first series of models is run. The error on both shear and longitudinal velocities is 
monitored over a range of angles from 0 to 90 degrees for a range of mesh densities 
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Figure 4.15. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various mesh densities plotted in a linear (a and b) and polar (c and d) fashion. 
As expected there are symmetries at 0,30,60 and 90 degrees in both cases. The 
longitudinal error is maximum at 30 and 90 degrees in the direction aligned with the 
mesh where LO is maximum, and the error is minimum at 0 and 60 degrees where LO 
is minimum. Between these points, the longitudinal error varies smoothly in a similar 
fashion to the phenomena observed for quadrilateral elements. On the other hand, the 
shear wave velocity error reaches its maximum at 0 and 60 degrees where LO reaches 
its minimum and is unexpectedly close to zero at 30 and 90 degrees in the direction 
aligned with the mesh. Between these extremes, the variation is smooth but, unlike in 
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It is interesting to note that the value of maxima (at 30 and 90 degrees) and minima (at 
0 and 60 degrees) of the error for the longitudinal wave and the maxima (at 0 and 60 
degrees) of the error for the shear wave can be predicted accurately using the equation 








with L the element size defined as in Figure 4.14. This is clearly shown in Figure 4.16. 
This expression gives a general conservative value of the maximum error for a regular 
mesh of linear equilateral triangular elements. Given that the minimum shear error is 
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Figure 4.16. Velocity error against mesh density for shear and longitudinal waves at 0 and 30 degrees. 
For longitudinal waves, it can be noted that the variation of the longitudinal wave error 
is precisely described by the following fitted expression: 
z 
E(9) = E(0) + (E(30) - E(0))(sin(30180)) (4.16) 
with E(O) and E(30) the error at 0 and 30 degrees and 0 the angle in degrees. 
Figure 4.17 shows the influence of CFLX on the value of the error on the longitudinal 
velocity at 0 and 90 degrees and the shear velocity at 0 degrees. The error tends towards 
zero as CFLX tends to 1. This confirms that the stability limit is not defined by the 
smallest gap between nodes but by the transit time of a dilatational wave through the 
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smallest element in the model as described in Section 2.3.1. Once again, it can be seen 
that the errors can be fitted to the analytical expression: 
E,. (N, CFLx) = EC(N)(cFL,. -4 o) ' 
(1 - CFLx2) (4.17) 
where E(. (N)(CFL,. -º 0) 
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Figure 4.17. Velocity errors against CFLX for various mesh densities at a) 0 and b) 30 degrees. 
It is therefore possible to predict the maximum longitudinal error along the element 
side, the minimum longitudinal error along the altitude of the element and the 
maximum shear error along the altitudes of the triangular element for any mesh density 
N and relative Courant number CFLX by using the following expression: 
Eý, = 180 
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4.2.3.2 Isosceles triangle elements 
This section looks into the influence of having a mesh of isosceles triangular elements 
rather than equilateral ones. It is essential to be able to evaluate the impact of 
deforming elements from the equilateral form as automatic meshing algorithms used 
by standard FE package will commonly contain non-equilateral triangular elements. In 
this study, we used a mesh similar to the one used previously but the mesh density is 
kept the same in the y (vertical) direction whereas it is varied in the x (horizontal) 
direction. This leads to a mesh constituted of same-size isosceles triangles in a similar 
way to the equilateral case considered previously. The 7 isosceles triangles shapes used 
for this study are shown in Figure 4.18. a. For each triangle, one angle is varied from 
30 to 90 degrees while the two other angles are equal. It can be seen that the mesh 
density will be constant in the vertical direction and is taken as 10 elements per 
wavelength whereas the density in the horizontal direction is varied from 5.35 to 20. 
The mesh is stretched in the horizontal direction and the mesh density is kept the same 
in the vertical direction. The equal angles are varied from 75 degrees to 45 degrees 
leading to a variation of the other angle 4 from 30 to 90 degrees. Results of the 
variation of the velocity error against the angle are shown on Figure 4.18. 
Looking at the longitudinal wave error, it can be seen that the constant mesh density at 
90 degrees leads to the error being between 1.35% and 1.70% and relatively close to 
the estimate of 1.8% predicted by equation 4.18. Despite the constant mesh density in 
this direction, one can see that the error drops systematically as 4 is increased at this 
angle. At 0 degrees, a much greater difference exists between cases. This is justified 
by the fact that the mesh density varies strongly in this direction. Once again, the 
prediction agrees closely with the actual values. Between these values, a cycle similar 
to that for equilateral linear elements is observed. The maximum and minimum occurs 
close to - but not exactly at - the location of the local maximum and minimum of LO. 
These occur when LO is aligned with the mesh and when LO is perpendicular to the 
opposite face of an element. Although the angular position of the maximum is slightly 
incorrect, the predicted value of the error proves to be close to the actual minimum and 
maximum. It is therefore possible for the modeller to predict the longitudinal velocity 
error quite precisely using equation 4.18. 
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a) Case I: Case 2: Case 3: 
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Figure 4.18. a) Shape of the different isosceles-triangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of 4 plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate the 
error prediction along the element side and diagonal. 
For shear waves, a maximum (local for cases 5 to 7) occurs at 0 degrees. The value of 
this maximum matches the prediction closely as represented on the Figure 4.18. For all 
cases, another maximum (local for cases 1 to 3) occurs at an angle close to the direction 
of the median of the upper triangle. The value of this maximum is also closely 
predicted. Between these maximum values, the error vanes smoothly toward minimum 
values located at angles where LO is aligned with the mesh. For case 4 where 4 is 60 
degrees the triangle is equilateral, this minimum occurs at 0 equals 30 degrees and is 
close to zero. As 4, is increased, the value of the minimum increases despite the fact 
that LO is reduced. When 4, is decreased from 60 degrees, the minimum error becomes 
negative, meaning that the actual velocity is higher than the theoretical one. This 
phenomenon occurs despite the fact that L6 is increased and indicates a stiffening 
effect along the longest edge of the element. The same effect occurs at 90 degrees when 
minima (local for cases 1 to 3) occur. At this angle, a decrease of 4, leads to an increase 
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in the minimum despite LA being constant whereas an increase of ý leads to a decrease 
in the error. This decrease from 4 equals 60 degrees means cases 5 to 6 have negative 
errors at 90 degrees. The essential point is that, for case 7, the maximum absolute error 
is 3% due to the measured negative error whereas the measured positive and predicted 
maximum error is 0.8%. The deformation of the element leads to a strong increase of 
the shear velocity along the longer edge of the element. This is critical when the longest 
edge of the triangle faces a large angle as is the case for cases 5,6 and 7. 
These results strongly highlight that using two triangular linear elements to create a 
"composite quadrilateral element" leads to results which will not match those of a real 
quadrilateral linear element and should therefore be avoided. 
4.2.3.3 Scalene triangle elements 
This part looks into the influence of having a mesh of scalene triangular elements. The 
mesh used for the equilateral case is sheared in a similar way to the parallelogram study 
for quadrilateral elements. The mesh density is kept the same in they (vertical) and x 
(horizontal) direction at 10 and 11.55 elements per wavelength respectively while the 
element is sheared in the y direction. The shearing angle varies from 0 to 45 degrees. 
The 4 scalene triangular shapes used for this study are shown in Figure 4.19. a. Case 1 
is the equilateral case while case 3 uses right (but not isosceles) triangles. Results of 
the variation of the velocity error against the angle are shown on Figure 4.19. 
For longitudinal waves, the variation of the error for cases 1,2 and 3 is similar to what 
was experienced in previous studies. For case 4, an unexpected minimum occurs at 22 
degrees and an unexpected maximum occurs at -63 degrees. These could be explained 
by the cumulation of the effects of mesh density variation and a stiffening and 
softening of the element along the longest edge and the altitude from the longest edge 
respectively. The effect explains why the overall maximum for case 4 is strongly 
underestimated and the overall minimum slightly overestimated. A similar milder 
effect is occurring for case 3 where the difference between the predicted and actual 
maximum is 0.75%. 
For shear waves, the variation of the error highlights the same issue observed with 
isosceles triangles with large angle opposite long edges as the error becomes negative. 
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Case 4 is the most critical case studied for triangle elements so far as the ratio of the 
longest to the shortest edge is 1.62 and the long edge is opposite to an angle of 107 
degrees. The stiffening effect is the most pronounced as the error reaches a maximum 
negative value of 16.4% which is more than 10 times the maximum predicted error for 
this case. This emphasizes that using highly deformed triangular linear elements for 
wave propagation should be avoided. 
a) Case 1: Case 2: Case 3: Case 4: 
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Figure 4.19. a) Shape of the different scalene-triangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate the 
error prediction along the clement side and diagonal. 
113 
Chapter 4 
On the influence of mesh parameters on elastic bulk wave velocities 
4.2.3.4 Conclusion 
The study of equilateral triangular element meshes has shown that the error along the 
element sides and altitudes could be accurately predicted. The influence of the Courant 
number on the error is confirmed to be similar to the one observed with quadrilateral 
elements. 
Studies of deformed meshes made of isosceles and scalene triangles shows that it is 
possible to use predicted errors to conservatively evaluate the maximum error for 
longitudinal waves. The situation with shear waves is rather different as it is observed 
that an apparent stiffening of the deformed elements leads to a large increase in the 
propagation velocity leading to a large velocity error that cannot be predicted in the 
same way as was done in previous cases. This effect is a noticeable concern regarding 
the use of linear triangular elements with automatic meshing algorithms. 
4.2.4 Modified quadratic triangular elements 
This section investigates models made of quadratic triangular elements. In ABAQUS/ 
Explicit, the only element of this type is a6 node modified quadratic triangular element 
called CPE6M [14]. Meshes made of equilateral, isosceles and scalene triangles are 
investigated. 
4.2.4.1 Equilateral triangle elements 
In this part, we investigate the influence of CFL and Non wave propagation in a regular 
mesh made of quadratic equilateral-triangular elements as shown in Figure 4.20. The 
mesh density N and CFL is expressed in terms of the node grid and not the actual 
element size as it will be shown that this is what actually matters with this element type. 
As for linear elements, the critical time step is determined by the value LO and not the 
element side length L30 or L90. The Courant number CFL is varied from 0.9 to 0.05 
and the mesh density N ranges from 6 to 30 along the element side. 
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Figure 4.20. Schematic defining LO, L90, L30 and L0 in a mesh of quadratic equilateral-triangular 
elements. 
A first series of models is run. The error on both shear and longitudinal velocity is 
monitored over a range of angle from 0 to 90 degrees for a range of mesh densities 
using a low CFL of 0.05. Results are presented in Figure 4.21. 
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Figure 4.21. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various mesh densities plotted in a polar (a and b) and linear (c and d) fashion. 
The results for longitudinal waves indicate that for any mesh density higher than 7 the 
error remains close to constant at any angle. This is an interesting feature as it means 
that the wave propagates in all directions at a constant velocity as one would expect in 
an isotropic material. For a mesh density of 6 nodes per wavelength, the number of 
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indicates that this is not sufficient to correctly represent longitudinal wave propagation. 
As the mesh density is increased, the strength of these inconsistencies decreases 
indicating that the wave propagation is correctly represented. This point raises the 
issue of the minimum number of elements necessary to represent the wave propagation 
correctly and will be discussed further. 
For shear waves, the pattern observed for all mesh densities is similar to the one 
observed for linear quadrilateral elements as the maxima occur at 0 and 60 degrees and 
the minima at 30 and 90 degrees with a squared sine variation between them. 
The improvement in the consistency of the velocity for both longitudinal and shear 
waves against the angle of propagation is an interesting feature. The fact that the mesh 
density needs to be at least equal to 7 to correctly represent the wave propagation is of 
limited importance. It indicates that the use of quadratic elements increases the 
minimum computational needs, but this only affects a limited range of models. The 
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Figure 4.22. Velocity error against mesh density for shear and longitudinal waves at 0 and 30 degrees. 
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As the longitudinal velocity is constant against the angle, the error is plotted against 
the mesh density defined by the node spacing on the edge of the elements. Plotting the 
error for both longitudinal and shear waves at 0 and 30 degrees, it can be seen that the 
errors for shear waves at 0 degrees and for longitudinal waves at 30 degrees agree well 






where N is defined using LO as defined on Figure 4.20. 
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The shear error at 30 degrees can also be predicted by: 
22 
18O cos ) 180 Cos 
Ec =N2_ý2 (4.21) CLý 
This validates that the maximum errors for quadratic and linear elements vary in the 
same way and with the same amplitude as the mesh density varies but that the 
minimum error follows different rules. 
The next point to look into is the influence of the Courant number CFL on the error. It 
is varied from 0.9 to 0.05. The scaled Courant number CFLxvaries from 0.78 to 0.043 
for a longitudinal wave at 30 degrees and from 0.45 to 0.025 for a shear wave at 0 
degrees. The errors for longitudinal waves at 90 degrees and shear waves at 0 degrees 
are plotted against CFLX over the range of mesh density studied. Results are shown on 
Figure 4.23. The variation of the error against CFLX is similar to the one experienced 
for linear elements. 
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The maximum error for both wave types is defined as: 
EC = 180 
(1 - CFLX) (4-22) 
N2 
where N is the mesh density calculated using LO. 
As a conclusion, quadratic elements have the advantage of an improved consistency of 
the propagation velocity against the angle of incidence for both shear and longitudinal 
waves. On the other hand, it was noted that the smallest mesh density to correctly 
model wave propagation is 8 nodes per wave length (against 6 for linear elements). The 
fact that the element size is doubled compared to linear elements reduces the capability 
to represent small model features with a regular mesh but the quadratic variation of the 
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Figure 4.23. Velocity errors against CFLX for various mesh densities at a) 0 and b) 30 degrees. 
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4.2.4.2 Isosceles triangle elements 
This study is similar to that done for linear isosceles triangular elements. The same 
node grid is used but is filled with quadratic rather than linear elements. This means 
that the mesh density is the same and the element size is doubled. The mesh density is 
kept at 10 nodes per wavelength in they (vertical) direction whereas it is varied in the 
x (horizontal) direction from 5.35 to 20. The mesh is hence constituted of same-size 
isosceles triangles. The 7 isosceles triangle shapes used for this study are shown in 
Figure 4.24. a. For each triangle, one angle is varied from 30 to 90 degrees while the 
two other angles are kept equal. The equal angles are varied from 75 degrees to 45 
degrees leading to a variation of the other angle 4 from 30 to 90 degrees. Results of the 
variation of the velocity error against the angle are shown on Figure 4.24. 
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Figure 4.24. a) Shape of the different quadratic isosceles-triangular elements used in the mesh; 
Variation of the longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence 
for various values of 4 plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles 
indicate the error prediction along the element side and diagonal. 
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For longitudinal waves, as seen previously, the error for the equilateral case is constant. 
For other cases, the maximum and minimum are located at 0 and 90 degrees and a 
smooth variation occurs between these 2 points. As the angle 4 is reduced, the 
maximum error is located at 0 degrees and the minimum at 90 degrees. For 4 greater 
than 60 degrees, the maximum is at 90 degrees and the minimum at 0 degrees. The 
predictions given by equation 4.18 agree well with the actual minima and maxima and 
are conservative for the maxima. 
For shear waves, the variation follows a similar pattern to the one observed for bulk 
waves although the undulation occurring for the equilateral case is visible on the other 
cases but does not seem to influence the overall results. The prediction of the maxima 
is accurate for all cases apart for case 1 for which the prediction is 0.9% below the 
actual value. It is also noted that the prediction is not conservative for case 2 being 
0.1% below the correct value. For all other cases, the estimate is conservative and 
within 0.2%. It is therefore correct to use the estimates as outlined previously for 
equilateral triangles. 
It is very interesting to note the significant improvement observed for shear waves 
compared to linear elements. The shear error does not deteriorate dramatically as the 
element is deformed. Quadratic elements can be used without any fear of a small 
deformed element giving a larger than expected error for shear waves. This allows the 
modeller to use automatic meshing algorithms more confidently. 
4.2.4.3 Scalene triangle elements 
This part looks into the influence of having a mesh of quadratic scalene triangular 
elements. The node mesh is the same as used previously for the linear case. The mesh 
density is kept the same in they (vertical) and x (horizontal) direction at 10 and 11.55 
elements per wavelength respectively while the element is sheared in the y direction. 
The shearing angle varies from 0 to 45 degrees. The 4 scalene triangular shapes used 
for this study are shown in Figure 4.25. a. Case 1 is the equilateral case while case 3 
uses right (but not isosceles) triangles. Results of the variation of the velocity error 
against the angle are shown on Figure 4.25. 
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a) Case 1: Case 2: Case 3: Case 4: 
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Figure 4.25. a) Shape of the different quadratic scalene-triangular elements used in the mesh; Variation 
of the longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. The coloured circles indicate the 
error prediction along the element side and diagonal. 
For longitudinal waves and all cases apart from case 1, the error varies smoothly and 
describes a full sine like cycle. Maxima are reached between 0 and 90 degrees and a 
minimum between -90 and 0 degrees. The prediction for the maxima is calculated 
along the longest edge of the element. The estimation is relatively accurate although, 
as y is increased, the margin grows larger. This is in line with the relative error that was 
observed at 90 degrees for isosceles triangles. 
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For shear waves, a similar pattern is observed although the undulation occurring for 
case 1 (equilateral triangle), exists for all cases and modifies slightly the overall shape 
of the curves. The predictions for the maximum error are calculated along the longest 
element side and agree well with the actual results in a conservative way. Again, using 
modified quadratic elements instead of linear ones dramatically improves the precision 
of the shear wave propagation velocity. 
4.2.4.4 Conclusion 
The study of equilateral triangular meshes made of modified quadratic elements has 
shown that the longitudinal velocity error is very close to constant for N superior to 7. 
For shear waves, a velocity error variation exists but is limited. This variation is closer 
to the one observed with square elements than with equilateral triangular elements. The 
maximum error for both wave types is identified and an expression can be used to 
predict its amplitude. The influence of the Courant number on the error is confirmed 
to be similar to the one observed previously in this chapter. 
Studies of deformed meshes made of isosceles and scalene triangles show that the error 
predictions derived from equation 4.26 are quite accurate although not always 
conservative in cases where deformation is high. The most important point of this 
study is that, contrary to linear triangular elements, no dramatic degradation of the 
error is noted for any wave type and deformation level. Therefore, it can be said that 
this element type can be used deformed without concern. It can be noted that the 
modified quadratic elements react to deformation in a similar fashion as linear 
quadrilateral elements. In the same way, the velocity error for a mesh of linear square 
elements and modified quadratic equilateral triangle elements is relatively close. Based 
on these two facts, it can be said that modified quadratic triangular elements behave in 
a similar way to linear quadrilateral elements. 
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4.3. Implicit solving 
4.3.1 Introduction 
In this section, the influence of the mesh density and angle of incidence are 
investigated for a range of element types. 
The geometry and properties of the models are the same as in the explicit cases. The 
excitation is applied in the same way apart from the fact that it is applied as a real 
harmonic signal of unit frequency. Models are solved in the frequency domain by the 
implicit direct-solution steady state scheme of ABAQUS/Standard [14]. As the model 
is solved in the frequency domain, no time increment is used and no Courant number 
applies to these models. The monitored displacements are processed in the same way 
in order to measure the propagation velocity. 
As ABAQUS/Standard offers a wider range of elements than ABAQUS/Explicit, the 
following elements [14] are investigated: linear quadrilateral element (CPE4), 
quadratic quadrilateral element (CPE8), linear triangular element (CPE3), modified 
quadratic triangular element (CPE6M) and quadratic triangular element (CPE6). CPE4 
and CPE8 elements are full integration elements and are not available in ABAQUS/ 
Explicit (which only has reduced integration linear quadrilateral elements available). 
All studies start with a mesh made of square or equilateral elements. Following this, 
the meshes are deformed in order to understand how the deformation impacts the 
velocity error. The mesh density is varied from 6 to 30 and is defined in the same way 
as in Section 2.3.1. 
4.3.2 Linear quadrilateral elements 
4.3.2.1 Square elements 
The velocity errors for both shear and longitudinal velocities monitored over a range 
of angles from 0 to 90 degrees for a range of mesh densities are plotted on Figure 4.26. 
It can be noted that the general variation of the error is the same as the one observed 
with reduced integration linear square elements in Section 4.2.2.1. The amplitude of 
the error for the longitudinal wave superimposes almost perfectly with the results from 
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Section 4.2.2.1. For shear waves, the agreement is similar at 0 and 90 degrees but the 
increase in error with reduced integration elements in the explicit case is stronger than 
the full integration ones in the implicit case. This discrepancy is likely to be due to the 
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Figure 4.26. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various values of mesh density plotted in linear (a and b) and polar (c and d) plots. 
4.3.2.2 Rectangle elements 
The meshes studied in this part are "stretched" in one direction to create rectangular 
elements. The element size in the vertical directiony is kept the same for all models so 
that the mesh density N in this direction is 15. The element size in the horizontal 
direction x is varied so that the mesh density N varies from 7.5 to 30. The ratio between 
the element side R-Lx/Ly is hence varied from 0.5 to 2 as illustrated on Figure 4.27. a. 
The error on the velocity is measured over a range of angles from 0 to 90 degrees and 
plotted on Figure 4.27. b, c, d, e. 
As seen with square elements, the longitudinal wave case matches the explicit case 
almost perfectly and the shear wave case matches it at 0 and 90 degrees, but the 
increase in error between these points is smaller than in the explicit case. 
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a) Case 1: Case 2: Case 3: Case 4: Case 5: 
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Figure 4.27. a) Shape of the different rectangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of R plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.2.3 Rhombus elements 
Meshes in this case are sheared so elements are deformed from a square to a rhombus. 
The models studied have a mesh density of 15 along the element sides. The shearing 
angle y is varied from 0 to 60 degrees by 15 degree increments. The error on the 
velocity is monitored from -90 to +90 degrees and is plotted on Figure 4.28. 
In these cases, the amplitude of the error is similar to the explicit case for low 
deformation. It diverges quite strongly (in particular for shear waves) as the mesh is 
deformed but stays smaller than the explicit case error. 
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Figure 4.28. a) Shape of the different rhombic elements used in the mesh; Variation of the longitudinal 
(b and d) and shear (c and c) velocity error against the angle of incidence for various values of y plotted 
in a polar (b and c) and linear (d and e) fashion. 
4.3.2.4 Parallelogram elements 
The mesh in this case is sheared and stretched with a mesh density of 15 at 0 and 90 
degrees. The shearing angle y is varied from 0 to 45 degrees by 15 degree increments 
as shown on Figure 4.29. a. Results are plotted on Figure 4.29. 
The findings for the parallelogram case are in line with those of the rhombus cases. 
126 
Chapter 4 
On the influence of inesh parameters on elastic bulk wave velocities 
a) Case 1: Case 2: 
y=O deg y=15 deg 
C:: 
n 
4 90 b) 



















-80 -60 -40 -20 0 20 40 60 80 " -80 -60 -40 -20 0 20 40 60 80 
0 (deg) 0 (deg) 
Figure 4.29. a) Shape of the different parallelogramatic elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.2.5 Conclusion 
The study of the implicit cases with fully integrated elements shows that results for 
these cases are similar to the ones obtained for the reduced integration cases solved 
with the explicit solver. Two differences are noticed: the amplitude of the error tends 
to be lower for fully integrated elements than reduced integration elements with shear 
waves for all element shapes; deformation of elements leads to a reduction in error 








y=0 deg 18 (deg) 
ýIr 
30 deg 
y=45 deg 30 
0.5 
" 0 ö ....... ... .... ..... - 
127 
Chapter 4 
On the influence of mesh parameters on elastic bulk wave velocities 
the maximum velocity error established for explicit quadrilateral elements can be 
adapted to implicit cases as: 
_E 
180 (423) 
cmaz =2 Nm 
in 
with N,,,;,,, the mesh density along the longest diagonal. 
4.3.3 Quadratic quadrilateral elements 
It is important to mention that, in this case, as in Section 4.2.4.1, the mesh density is 
determined in terms of node spacing not element side size. 
4.3.3.1 Square elements 
The velocity errors for both shear and longitudinal velocities monitored over a range 
of angles from 0 to 90 degrees for a range of mesh densities are plotted on Figure 4.26. 
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Figure 4.30. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
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Looking at the results for quadratic square elements, it can be seen that the absolute 
value of the error is much lower than for linear elements as it is smaller than 0.5% for 
a mesh density superior to 8. Unlike all cases seen previously, the velocity is higher 
than the theoretical value which explains why a negative error is plotted. As seen in 
previous cases, there is a variation in the error but here the smallest error occurs at 45 
degrees where the mesh density is at its lowest. This indicates that the approach to 
predict the velocity error that was used for linear and modified quadratic elements 
cannot be applied to this case. 
4.3.3.2 Rectangle elements 
The meshes studied in this part are "stretched" in one direction to create rectangular 
elements. The element size in the vertical directiony is kept the same for all models so 
that the mesh density N in this direction is 15. The element size in the horizontal 
directionx is varied so that the mesh densityNvaries from 7.5 to 30. The ratio between 
the element side R=Lx/Ly is hence varied from 0.5 to 2 as illustrated on Figure 4.31 . a. 
The error on the velocity is measured over a range of angles from 0 to 90 degrees and 
plotted on Figure 4.31. b, c, d, e. 
Looking at the results for both longitudinal and shear waves, it can be seen that the 
amplitude of the reflection is impacted by the deformation of the elements. The general 
shape of the curves is similar to what was seen for linear quadrilateral elements 
although the amplitude of the error stays in line with quadratic quadrilateral results. It 
can be noted that the error is positive along the shortest edge of case S. This indicates 
a softening of the element in this direction and the error is higher than what would have 
been expected at the mesh density in this direction. 
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Figure 4.31. a) Shape of the different rectangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of R plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.3.3 Rhombus elements 
Meshes in this case are sheared so that all elements are deformed from a square to a 
rhombus. The models studied have a mesh density of 15 along the element sides. The 
shearing angle y is varied from 0 to 60 degrees by 15 degree increments as seen in 
Figure 4.32. a. The error on the velocity is monitored from -90 to +90 degrees and is 
plotted on Figure 4.32. 
The deformation of the element from a square to a rhombus does not lead to a dramatic 
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Figure 4.32. a) Shape of the different rhombic elements used in the mesh; Variation of the longitudinal 
(b and d) and shear (c and e) velocity error against the angle of incidence for various values of y plotted 
in a polar (b and c) and linear (d and e) fashion. 
4.3.3.4 Parallelogram elements 
The mesh in this case is sheared and stretched with a mesh density of 15 at 0 and 90 
degrees. The shearing angle y is varied from 0 to 45 degrees by 15 degree increments 
as shown on Figure 4.33. a. Results are plotted on Figure 4.33. 
Results are relatively similar to the rhombus results except that the velocity error has a 
higher amplitude. This can be explained by the fact that the mesh density in this case 
is more strongly modified than in the rhombus one. 
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Figure 4.33. a) Shape of the different parallelogramatic elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.3.5 Conclusion 
At a particular mesh density, quadratic quadrilateral elements have a much smaller 
velocity error than linear quadrilateral elements. For square elements, the error is less 
than 0.5% for a mesh density of 8. The velocities with this type of element are superior 
to the theoretical value except for some angles with strongly deformed elements. This 
element type copes generally well with small deformations. 
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4.3.4 Linear triangular elements 
4.3.4.1 Equilateral triangle elements 
The error on both shear and longitudinal velocity is monitored over a range of angles 
from 0 to 90 degrees for a range of mesh densities. Results are presented in Figure 4.34. 
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Figure 4.34. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various mesh densities plotted in a linear (a and b) and polar (c and d) fashion. 
Results for this case superimpose almost perfectly with those of the explicit case with 
linear equilateral triangle meshes. It is interesting to note that the implicit results match 
the explicit ones obtained with a low CFLX. Findings from the explicit case can 
therefore be applied to the implicit case, in which case, the CFLX in the former should 
be replaced by zero in the latter. 
4.3.4.2 Isosceles triangle elements 
The meshes studied in this part are "stretched" in one direction to have isosceles 
triangle elements. The element size in the vertical direction y is kept the same for all 
models so that the mesh density N in this direction is 10. The element size in the 
horizontal direction x is varied so that the mesh density N varies from 5.35 to 20. 
Results plotted on Figure 4.35 show an excellent agreement with the explicit case. 
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Figure 4.35. a) Shape of the different quadratic isosceles-triangular elements used in the mesh; 
Variation of the longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence 
for various value of 4 plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.4.3 Scalene triangle elements 
In this case, the mesh density is kept the same in the y (vertical) and x (horizontal) 
direction at 10 and 11.55 elements per wavelength respectively while the element is 
sheared in the y direction. The shearing angle varies from 0 to 45 degrees. Results of 
the variation of the velocity error against the angle for a range of mesh density are 
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Figure 4.36. a) Shape of the different scalene-triangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. 
4.3.4.4 Conclusion 
Results obtained with all shapes of linear triangular elements in the implicit case match 
almost perfectly those obtained with the explicit case with low CFLX. This highlights 
that the solving scheme has a limited influence compared to the element type used. 
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4.3.5 Quadratic triangular elements 
4.3.5.1 Equilateral triangle elements 
The error on both shear and longitudinal velocities is monitored over a range of angles 
from 0 to 90 degrees for a range of mesh densities. Results are presented in Figure 4.37. 
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Figure 4.37. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various mesh density plotted in a linear (a and b) and polar (c and d) fashion. 
The error on velocity measured in this case is much lower than that observed with 
linear triangular elements. The absolute value of the error on velocity is lower than 
0.4% for a mesh density greater than 8. As for the case of quadratic quadrilateral 
elements, the measured velocity is higher than the theoretical one. The error is the same 
for both wave types at 0 and 60 degrees. The velocity variation is not the same between 
these two points as it increases for shear waves but decreases for longitudinal waves. 
As for the quadratic quadrilateral elements, the prediction of the error devised for 
linear and modified quadratic elements cannot be applied. The fact that the error is so 
low means that the error is practically negligible. 
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4.3.5.2 Isosceles triangle elements 
The meshes studied in this part are "stretched" in one direction to create isosceles 
triangle elements. The element size in the vertical direction y is kept the same for all 
models so that the mesh density N in this direction is 10. The element size in the 
horizontal direction x is varied so that the mesh density N varies from 5.35 to 20. 
Results are plotted on Figure 4.38. 
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Figure 4.38. a) Shape of the different quadratic isosceles-triangular elements used in the mesh; 
Variation of the longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence 
for various values of 4 plotted in a polar (b and c) and linear (d and e) fashion. 
Deformation of the elements leads to a modification of the error curves. The maximum 
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4.3.5.3 Scalene triangle elements 
In this case, the mesh density is kept the same in the y (vertical) and x (horizontal) 
direction at 10 and 11.55 elements per wavelength respectively while the element is 
sheared in the y direction. The shearing angle varies from 0 to 45 degrees. Results of 
the variation of the velocity error against the angle for a range of mesh density are 
shown on Figure 4.39. 
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Figure 4.39. a) Shape of the different scalene-triangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. 
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Results for both wave types up to case 3 show a relatively good behaviour but results 
for case 4 clearly show a great increase in the velocity error along the longest triangle 
edge. The absolute error reaches a value of 3.5% which is much higher than expected. 
4.3.5.4 Conclusion 
Quadratic triangular elements (CPE6 [14]) have been shown to provide good results 
for equilateral and isosceles triangle shapes. Velocity error in these cases is very low 
and is close to the amplitudes observed with quadratic quadrilateral elements. The 
shearing of the element did not prove problematic up to the case of the right angle 
triangle. For larger shearing, the velocity error dramatically increased along the longest 
edge of the triangles. This phenomenon is similar to what was observed for linear 
triangular elements. Element deformation is acceptable but should be limited. 
4.3.6 Modified quadratic equilateral triangular elements 
4.3.6.1 Equilateral triangle elements 
The error on both shear and longitudinal velocity is monitored over a range of angles 
from 0 to 90 degrees for a range of mesh densities. Results are presented in Figure 4.40. 
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Figure 4.40. Variation of the longitudinal (a and c) and shear (b and d) velocity error against the angle 
of incidence for various mesh densities plotted in a linear (a and b) and polar (c and d) fashion. 
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It is interesting to note that the results agree very well with the ones obtained with the 
same element type solved with an explicit scheme. The amplitude of the error for the 
modified quadratic triangle elements is much higher than the quadratic triangle or 
quadrilateral elements and is generally in line with the amplitude observed for linear 
elements. Velocity error prediction as defined in Section 4.2.4 is valid in this case. 
4.3.6.2 Isosceles triangle elements 
The meshes studied in this part are "stretched" in one direction to have isosceles 
triangle elements. The element size in the vertical direction y is kept the same for all 
models so that the mesh density N in this direction is 10. The element size in the 
horizontal direction x is varied so that the mesh density N varies from 5.35 to 20. 
Results are plotted on Figure 4.42. As for the equilateral case, an excellent agreement 
exists between the explicit and implicit cases. 
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Figure 4.41. a) Shape of the different quadratic isosceles-triangular elements used in the mesh; 
Variation of the longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence 
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4.3.6.3 Scalene triangle elements 
In this case, the mesh density is kept the same in the y (vertical) and x (horizontal) 
direction at 10 and 11.55 elements per wavelength respectively while the element is 
sheared in they direction. The shearing angle varies from 0 to 45 degrees. Results are 
plotted on Figure 4.42. Comparing implicit and explicit results shows an almost perfect 
superimposition of results. 
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Figure 4.42. a) Shape of the different scalene-triangular elements used in the mesh; Variation of the 
longitudinal (b and d) and shear (c and e) velocity error against the angle of incidence for various 
values of y plotted in a polar (b and c) and linear (d and e) fashion. 
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4.3.6.4 Conclusion 
As for the linear triangular elements, results for modified quadratic triangular elements 
show an excellent agreement between explicit and implicit results. It is interesting to 
note that this element type does not suffer from a great loss of precision due to the 
deformation of the element. Modified triangular elements behave in a way closer to 
linear quadrilateral elements than linear or quadratic triangular ones. 
4.4. Conclusions 
The study of reduced integration linear quadrilateral elements solved with an explicit 
solver showed the influence of the scaled Courant number CFLX and mesh density N 
on the velocity. Patterns were identified and permitted to define a fitted analytical 
expression to evaluate with high accuracy the amplitude of the velocity error Ec at any 
angle, any scaled Courant number and for a mesh density higher than 6: 
Ec = 180 
1- CFLX2 (4.24) 
N2 
Following this, the study of deformed elements highlighted that the maximum error in 
a mesh could be predicted using the fitted analytical expression defined for square 
elements (see Equation 4.24). This indicates that this element type is not the subject of 
dramatic loss of performance when deformed. Therefore using deformed quadrilateral 
elements in a model is not an issue on its own but other factors should also be 
considered. As quadrilateral elements are deformed, the maximum error will 
consequently increase with the longest diagonal. Therefore, for a given maximum 
acceptable error, the overall node density of a model will increase with the level of 
element deformation. In other words, the number of degrees of freedom necessary to 
cover the geometry of a model with deformed elements will be greater than with square 
ones. On top of this, the reduction in the length of the shortest diagonal leads to a 
reduction in the stable increment meaning that, for the same number of degrees of 
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With linear equilateral triangular elements, it was demonstrated that the error could be 
correctly predicted using rules established for quadrilateral elements (see Equation 
4.24) along the altitudes and element sides for longitudinal waves and along the 
element sides for shear waves. The influence of the scaled Courant number CFLX and 
mesh density N was confirmed at these positions and wave types. An error of zero was 
measured for shear waves along the altitudes of the triangular elements. Deformed 
mesh cases showed that this element type is sensitive to high levels of deformations as 
the predicted error was more than tripled in one case (16.4% instead of 4.8%). Using 
highly deformed linear triangular elements is therefore not advised. The author of this 
work recommends that linear triangular element internal angles should all have values 
higher than 50 degrees and lower than 70 degrees in order not to experience significant 
loss of precision. 
Modified quadratic equilateral triangular elements proved to have a close to constant 
error against the angle for a given N when being solved with a low CFL. The maximum 
amplitude of the error was in line with the one observed with linear elements and 
defined using equation 4.24. The influence of CFLX and N was demonstrated to be 
similar to previous cases. Modified quadratic triangular elements were shown to cope 
well with being deformed like linear quadrilateral elements and unlike linear triangular 
elements. Large deformation of modified triangular elements is therefore not an issue 
and the author is confident that using linear triangular elements whose internal angles 
are between 30 and 90 degrees will not cause a large loss of precision in the model. 
For implicit solving, full integration linear square element results for longitudinal 
waves showed very good agreement with the ones obtained with reduced integration 
elements and the explicit solver. For shear waves, the plot had the same shape but the 
error was marginally smaller (factor of 0.75). In a similar way to the explicit case, the 
following fitted analytical expression can be used to define the velocity error: 
180 Ec= (4.25) 
Deformation of elements showed similar (although marginally better) results when 
compared to the reduced integration explicit case. Fully integrated quadrilateral 
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elements cope well with being deformed and the use of deformed ones in a model is 
not a problem. 
For a given mesh density, quadratic quadrilateral elements proved to strongly reduce 
the velocity error to less than 0.5% for a node density higher than 8. Therefore, the 
velocity error with this type of element is not a cause for concern compared to other 
cases. Deformation of elements did not prove to be a problem. The two weaknesses of 
this element type are that in ABAQUS it can only be used with an implicit solver and 
that, as it is a quadratic element, geometric resolution (defined by the smallest 
geometric size of an element) is halved compared to linear elements for a given node 
density. 
Linear and modified quadratic elements results for the implicit case matched almost 
exactly results obtained with the explicit solver and therefore the findings are the same. 
Quadratic equilateral triangular elements were shown to lead to low velocity error as 
were quadratic square elements, but proved to be sensitive to high levels of 
deformation in the same way as linear triangular elements. Therefore the author 
recommends limiting the internal angle range to 50 and 70 degrees. 
Overall, the influence of the solver is ruled out, as element type and shapes are the 
factor determining the velocity error. Unlike quadrilateral elements, all triangular 
elements apart from modified quadratic ones were shown to be sensitive to element 
deformation. This justifies why automatic meshing algorithms seek to minimize the 
deformation and why modellers need to exercise caution when using linear and 
quadratic triangular elements. 
The angle of propagation in a regular mesh was shown to play an important part in the 
amplitude of the velocity error as it leads to a non-negligible variation. 
The mesh density was shown to be the driving factor influencing the velocity error for 
all element types. The influence is not so noticeable for quadratic elements as the 
velocity is highly accurate for any mesh density. For linear and modified quadratic 
elements, its influence is much stronger. 
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An interesting point is that the difference in velocity between 2 meshes causes a 
difference in acoustic impedance that may be partly responsible for possible reflection 
occurring at their interface. The knowledge gained in this section regarding the 
velocity error will be used in Chapter 6 which investigates local mesh refinement. 
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5.1. Introduction 
In the same way as a stress analysis engineer studying the stresses in a mechanical 
component, an NDT engineer developing an ultrasonic inspection technique has to 
make assumptions and simplifications in order to be able to numerically model the 
interaction of a wave with a structural defect. In the past, the vast majority of wave 
propagation work focused on strongly simplified defects. One reason for this is that 
initial work is bound to focus on the simplest cases, but many modellers are ready to 
go on to more complex problems. As computer power has developed exponentially, 
new opportunities have arisen and have highlighted the fact that only a limited amount 
of information is available regarding how to accurately model the interaction of elastic 
waves with complex defects using FE. 
One specific issue related to modelling wave propagation using FE is that a change in 
element shape or size leads to a change of acoustic impedance that generates unwanted 
reflections. As these reflections pollute the signal of interest, most NDT modellers 
favour the use of regular meshes usually constituted of linear square elements. In this 
context, it is well known that the correct representation of the wave propagation 
phenomenon requires the mesh density to be at least 7 nodes per shortest wavelength. 
When using a regular square mesh, defects and features are represented by adding or 
removing elements. This can be thought of as a "LEGO" approach where the elements 
are LEGO bricks. Clearly, the down side to this is that the geometric definition of 
features and defects is dependent on the mesh size and orientation. As a consequence, 
theoretical geometric edges not aligned with the mesh are approximated and 
sometimes represented in a jagged fashion. This leads to discrepancies between the 
theoretical and modelled geometries. 
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It is generally accepted - although not thoroughly verified - that refinement of the mesh 
leads to a convergence of the FE results towards the exact results. In some cases, mesh 
refinement is applied in order to correctly model defects. The direct consequence of 
this is an increase in the number of degrees of freedom solved and hence the 
computational requirements of the model. Keeping the classic regular square mesh 
approach, this raises the question of how fine a mesh needs to be refined - if at all - for 
a particular defect or feature to be realistically represented from a wave propagation 
perspective. 
Another approach which has been less popular in the past is to use automatic meshing 
algorithms using triangular elements. These are now widely available in commercial 
FE packages. Aside from the lack of availability in the past, one reason why these 
algorithms have not been commonly used in NDT wave modelling is that, in most 
cases, elements are deformed when automatically generated. As deformation of 
elements leads to a change of acoustic impedance and consequently reflections, the 
mesh structure is key to appropriate modelling of wave propagation. On the positive 
side, when using an automatic meshing algorithm, the geometry is represented more 
closely than with the regular mesh approach presented above as the edges of the 
elements follow the edges of the geometry. It would be beneficial to perform a 
meticulous study to verify whether this approach is well adapted for the modelling of 
the interaction of elastic waves with complex defects. 
In this chapter, the two meshing approaches described above are tested for a range of 
defects, element types and solving methods with both elastic wave types. The general 
approach is to refine the mesh size for all these cases until an acceptable reference is 
obtained in order to evaluate the evolution of the error as the mesh is refined. The 
defects modelled included straight edges, circular defects of various sizes and cracks 
of various sizes. These cases are chosen as they are commonly modelled in NDT and 
should provide the foundations to more complex defect modelling. 
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5.2. Model definition 
As in the previous chapter, models are non-dimensional and the elastic material is 
chosen so that the longitudinal and shear wavelengths are 2 and 1 units respectively: 
Young's modulus is 8/3, Poisson's ratio is 1/3 and density is 1. The cases investigated 
here are the reflection of bulk waves from: 
" straight edges 
" straight cracks at an angle of 80 degrees and of length 0.25,1 and 4 units 
" circular holes of diameter 0.25,1 and 4 units 
Models are 2D plane strain. Both shear and longitudinal wave generations are 
considered, as models are excited by body forces being applied on four elements as 
shown on Figure 5.1. Body forces rather than point forces are used in this Chapter as 
they offer better mode purity. This generates an almost pure wave - shear or 
longitudinal - and as the size of the source is only a fraction of a wavelength is a close 
representation of a point source. The point located at the centre of the four elements is 
referred to as the excitation point. As the body force load is dependent on the area of 
the elements excited, the load is normalised so that the amplitude of the incident wave 
is the same in all cases studied in this chapter. 
a b C 
Figure 5.1. (a) Longitudinal and (b) shear wave excitation for a square element mesh and (c) 
longitudinal and (d) shear excitation for a triangular element mesh. 
Models are run with ABAQUS 6.6-1 in both the time domain (explicit) and the 
frequency domain (implicit). For the latter, the excitation is applied as a real harmonic 
excitation whose frequency is 1; the complex displacement field is obtained directly 
and used later to plot the absolute displacement field. For the explicit case, in order to 
obtain an absolute displacement field similar to the frequency domain one, it is decided 
to run two separate models: one with cosine and one with sine excitation of unit 
frequency . The complex 
displacement field is obtained by adding the result of the 
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cosine case to the result of the sine case multiplied by i. The first half of a Hanning 
window is used over the first 5 cycles in order to ramp up the amplitude of the sine and 
cosine to a constant value in order to avoid exciting a broad range of frequencies. The 
model is run sufficiently long so that the steady state is reached at all locations where 
the displacements are monitored. 
Implicit models are run using linear square elements with full (CPE4) and reduced 
(CPE4R) integration, linear triangular elements (CPE3), quadratic triangular elements 
(CPE6) and modified quadratic triangular elements (CPE6M). Explicit models are 
only run using CPE4R, CPE3 and CPE6M as they are the only elements available for 
this type of solver. 
Appropriately dimensioned ALID are used for all models. In the case of square 
meshes, the width of each sub layer in the ALID is one element. For triangular mesh 
cases, as the model is generated using the interactive user interface of ABAQUS CAE 
6.6-1, a fixed number of sub layers of width 0.25 are defined. Free meshing of these 
layers is then performed. 
In order to evaluate the influence of the mesh density on the accuracy of the results, the 
following numbers of nodes per shortest wavelength are investigated: 6,10,15,20,25 
and 30. This parameter is identified as the mesh density and is assigned the letter N. In 
the case of regular square meshes, N is exact over the whole model. For triangular 
element meshes generated by the free meshing algorithm of ABAQUS CAE 6.6-1, the 
node spacing is specified on the internal and external boundaries of the model. A 
variation in node spacing over the model exists but is limited overall. This leads to a 
limited variation in the mesh density. There are two cases of interest where significant 
local deviations can exist between the prescribed and actual node spacing: small linear 
edges and small circular holes. When a linear edge is smaller than the node spacing, it 
is defined by a single element. The node spacing on the edge is directly dependent on 
the edge length and locally over-rules the prescribed node spacing condition. All 
circular holes receive a special treatment that guarantees that they are not incorrectly 
represented. The default setting of the free meshing algorithm of ABAQUS CAE 6.6.1 
[14] means that a circular hole is defined by at least 8 nodes. This condition is used in 
this work and locally over-rules the prescribed node spacing condition for small holes. 
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5.3. Reflection from a straight edge 
The first case investigated is that of the reflection from a straight edge. The geometry 
of the model is presented in Figure 5.2. a. 
ýý 
b 
Figure 5.2. Straight edge model: a) with edge, b) without edge. 
Three mesh cases are considered: 
" square mesh at 0 degrees aligned with the edge 
Area of study 
ALID 
" Excitation point 
Monitoring line 
I Monitoring direction 
Shear wa\ es 
. 
Monitoring direction 
Longitudinal \N i%es 
" square mesh at 45degrees to the edge resulting in a stair-cased edge 
" triangular mesh generated with automatic meshing algorithm 
These are shown on Figure 5.3. 
a) b) c) 
Figure 5.3. a) square mesh at 0 degrees aligned with the edge, b) square mesh at 45 degrees, c) 
triangular free mesh 
As shown on Figure 5.2. a, the excitation point is located 6 units away from the edge (6 
shear wavelengths or 3 longitudinal ones). As the edge is jagged when the mesh is at 
45 degrees, an error on the exact position of the edge exists. In this study, the outside 
limit is used as the reference. The complex displacement field is monitored up to 24 
units away from the excitation point along a line coincident with the excitation point 
and parallel to the edge (see Figure 5.2). For a longitudinal wave excitation, the 
displacements are monitored in the x direction and for a shear wave excitation, the 
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displacements are monitored in the y direction. In theory, the incident displacement 
field is zero in these directions and only the reflection from the edge is present. In 
practice, some slight numerical issues (low amplitude noise, oscillation close to the 
excitation point) exist on this line. In order to achieve high quality reflection fields, 
each case was run with (Figure 5.2. a) and without (Figure 5.2. b) the edge being 
modelled. For the models without the edge, models are extended behind the edge and 
ALID are used to absorb incident waves. The complex displacement field of the case 
without the edge is substracted from the one with the edge. Thus the slight coherent 
numerical noise is removed. The absolute displacement along the monitoring line 
measured in the direction described above is then plotted. The horizontal axis 
represents the position of the monitoring point relative to the reference which is 
excitation point as shown on Figure 5.2. The vertical axis indicates the amplitude of 
the displacement. It should be mentioned that the general shape of the amplitude of the 
displacement plots is the result of the interaction of shear and longitudinal reflection 
resulting from the incident wave being reflected by the edge. As these two waves have 
different properties, this causes interference patterns which result in the presence of a 
central main lobe and side lobes. 
Results obtained for the implicit models for longitudinal and shear wave excitation are 
presented in Figure 5.4 and 5.5 respectively. Results for the explicit models for 
longitudinal and shear waves are presented in Figure 5.6 and 5.7. This represents a very 
large amount of data. In order to simplify the identification of cases, each plot is 
associated with a letter and a number (e. g. D 15). The number is the mesh density of the 
case (row) and the letter identify the excitation, mesh and element types as indicated 
on the column of the figures. A letter on its own (e. g. D) indicates the whole column. 
The first point to be noted is that the results for all cases with a density of 30 agree very 
well with each other and that, in most cases, the difference between the 25 and 30 cases 
is negligible. These plots can therefore be confidently taken as references. In order to 
highlight the discrepancies between these cases (i. e. the reference) and all other cases 
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Figure 5.4. Implicit models for straight edge: Monitored absolute displacement for a longitudinal wave 
excitation using CPE4 and CPE4R meshes at 0 degrees, CPE4 and CPE4R meshes at 45 degrees and 
CPE3, CPE6 and CPE6M triangular elements. Thin red line is reference for N=30 for each case. 
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Figure 5.5. Implicit models for a straight edge: Monitored absolute displacement for a shear wave 
excitation using CPE4 and CPE4R meshes at 0 degrees, CPE4 and CPE4R meshes at 45 degrees and 
CPE3, CPE6 and CPE6M triangular elements. Thin red line is reference for N=30 for each case. 
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Figure 5.6. Explicit models for a straight edge: Monitored absolute displacement for a longitudinal 
wave excitation using CPE4R meshes at 0 degrees, CPE4R meshes at 45 degrees and CPE3 and 
CPE6M triangular elements. Thin red line is reference for N=30 for each case. 
A and B show the results obtained with square element meshes at 0 degrees. The 
difference between using full (A) or reduced (B) integration elements is negligible for 
all mesh densities and they are therefore assessed jointly. It can be seen that there is a 
good convergence towards the reference case (30) with an error of less than 3% for a 
density of 20. A mesh of density 6 gives inaccurate results but increasing this value to 
10 leads to a relatively correct representation of the phenomena occurring despite a 
large amplitude error. 
C and D show the results obtained with square element meshes at 45 degrees. Results 
for fully integrated elements (C) are very similar to the results obtained with a mesh at 
0 degrees (A) whereas reduced integration element ones (D) differ noticeably. In this 
case, one can see that the amplitude of side lobes oscillates on each side of the 
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Figure 5.7. Explicit models for a straight edge: Monitored absolute displacement for a shear wave 
excitation using CPE4R meshes at 0 degrees, CPE4R meshes at 45 degrees and CPE3 and CPE6M 
triangular elements. Thin red line is reference for N=30 for each case. 
reference ones as the mesh is refined. This indicates that, despite a fine mesh (D25), 
the stair-cased edge interferes with the correct representation of the reflection. 
E, F and G show the results obtained with automatically generated triangular element 
meshes. A convergence towards the reference occurs in the same way as for square 
elements results (A). Quadratic elements (F) offer the best results with a good 
agreement achieved for a mesh density of 15. Linear triangular elements (E) cause an 
oscillation to occur on the side lobes and a mesh density of 25 (E25) is required to have 
acceptable results. A similar, although milder, phenomenon occurs with modified 
quadratic elements (G). 
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Results for shear wave excitation are presented in Figure 5.5 and show a similar 
behaviour to longitudinal waves except from the lack of oscillation (observed in E and 
G but absent in L and M). 
Explicit results presented in Figure 5.6 and 5.7 agree very well with the results from 
the implicit solver with their respective element type. In other words, the results of the 
CPE4R element type are the same when solved with an implicit (B) or an explicit 
method (Q). Consequently the findings obtained for the implicit solver are also valid 
for the explicit one. 
Overall, based on the plots for square element meshes at 0 degrees, it can be said that 
this case provides superior results to square element meshes at 45 degrees and 
triangular element meshes for the modelling of the reflection from a straight edge. The 
use of square element meshes at an angle gives acceptable results but the oscillation of 
the side lobes is a concern and could be explained by diffraction occurring due to the 
jagged nature of the edge. Quadratic triangular elements give results close to square 
elements with a mesh at 0 degrees. Linear triangular elements need a finer mesh than 
the other triangular element types in order to provide accurate results and the 
noticeable undulation on the side lobes is a concern. Modified quadratic element 
meshes seem to offer a compromise between linear and quadratic triangular elements. 
5.4. Reflection from a straight crack at an angle 
In this part, the longitudinal and shear wave reflection from a crack at an angle are 
studied. It should be noted that the angle and length of the modelled cracks have not 
particular significance and are just sensibly chosen examples. The geometry of the 
models is presented in Figure 5.8. a. The mid-point of the crack is located 10 units away 
from the excitation point and the crack is at an angle of 10 degrees relative to the 
vertical. Three crack lengths are used: 0.25,1,4. This permits a wide range of 
reflection regimes for both wave types. 
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Figure 5.8. Straight crack model: a) with crack, b) without crack. 
Two meshing strategies are used. On one side, a regular square mesh is used and nodes 
are disconnected in order to create a crack following the edges of the elements in the 
mesh. It can be seen as creating a free edge following the lines of the regular square 
grid. This is achieved by using a MATLAB routine created by a summer placement 
student, Sumeet Kale, under the guidance of the author. It defines a crack as close as 
possible to the exact crack within the particular regular square mesh. On the other side, 
a triangular element mesh generated by the free meshing algorithm from ABAQUS 
CAE 6.6-1 is used. In this situation, the geometry of the crack is determined first and 
then free meshing of the geometry is performed. The particular shape and mesh of each 
crack generated with both methods is shown in each section where the particular 
straight crack geometry is studied. 
As shown on Figure 5.8, the displacement field is monitored on a line perpendicular to 
the line joining the crack mid-point to the excitation point and over a length of 24 units 
on each side of the excitation point. For a longitudinal wave excitation, the 
displacements are monitored in the x direction and for a shear wave excitation, the 
displacements are monitored in the y direction. In theory, the incident displacement 
field is zero in these directions and only the reflection from the edge is present. In 
practice, some slight numerical issues (low amplitude noise, oscillation close to the 
excitation point) exist on this line. In order to achieve high quality reflection fields, 
each case was run with (see Figure 5.8. a) and without (see Figure 5.8. b) the crack being 
modelled. The complex displacement field of the case without the crack is substracted 
from the one with the crack. The absolute displacement in the direction specified above 
is then plotted. 
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5.4.1 Crack of unit length 
The first case studied is the case of a crack of unit length. The actual cracks used for 
these models are represented in Figure 5.9. When using a triangular mesh, the crack 
geometry is exactly defined whereas the crack obtained with the square mesh differs 
from the exact crack. This is highlighted in Figure 5.9 where the theoretical crack as 
defined in Figure 5.8 is shown in red and the actual modelled crack in blue. Both lines 
superimpose for triangular element meshes but do not for the regular square element 
meshes. In both cases, as the mesh is refined, the number of elements defining the 
crack increases. This should increase the accuracy of the reflection. 
CPE4/4R N=6 CPE4/4R N=10 CPE4/4R N=15 CPE4/4R N=20 CPE4/4R N=25 CPE4/4R N=30 
Figure 5.9. Definition of unit long cracks with triangular and square meshes. Blue line shows modelled 
crack and red line theoretical crack (which is the same line with triangular element meshes but not with 
regular square element meshes). 
Results obtained for the implicit models are presented in Figure 5.10 and 5.11. Results 
for the explicit models for longitudinal and shear waves are presented in Figure 5.12. 
In order to simplify the identification of cases, each plot is associated with a letter and 
a number as in the previous sections. 
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Figure 5.10. Implicit models for a crack of unit length: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
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Figure 5.11. Implicit models for a crack of unit length: Monitored absolute displacement for a shear 
wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line 
is reference for N=30 for each case. 
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Figure 5.12. Explicit models for a crack of unit length: Monitored absolute displacement for a shear 
and longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red 
line is reference for N=30 for each case. 
Looking at the implicit results for a longitudinal wave excitation presented in Figure 
5.10, it can be seen that, for all element types, there is a good convergence towards the 
models with 30 elements per wavelength. In this case, the displacement fields are 
almost perfectly matching for all element types. For all triangular elements, a mesh 
density of 20 gives results very close to the reference. CPE6 elements (B) provide 
higher quality than CPE3 (A) and CPE6M (C), with acceptable results being obtained 
for N=10. Square elements (D-E) - in particular the reduced type (E) - have a slower 
convergence. For shear wave excitation, the results in Figure 5.11 show a similar 
pattern, although the rate of convergence for all element types is slower. A mesh 
density of 25 is necessary for the error on the displacement amplitude to be negligible. 
This can be explained by the fact that, for a given mesh density, the shear wave velocity 
error is higher than the longitudinal one but also that the shear wavelength is shorter 
than the longitudinal one making it more sensitive to numerical "defects" (changes in 
element size in triangular meshes, steps in square meshes). 
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For all mesh densities, explicit results shown in Figure 5.12 (K-P) superimpose almost 
perfectly with the results obtained for the implicit ones with the same element type. 
These are presented separately for completeness. 
Overall, representing an average size straight crack at an angle of 80 degrees does not 
seem to be challenging for either meshing strategy. The physics are modelled quite 
accurately for any mesh density over 10. The main source of error is likely to be the 
actual velocity error and its consequences on the reflection angles. Indeed, as angle of 
reflection of a wave depends on the wave propagation velocity, an error on the 
propagation velocity leads to an error on the angle of reflection. In the regular mesh 
approach, the actual geometric difference between the theoretical crack and the actual 
crack accounts for another source of error which can explain the slower convergence. 
Once again, it is interesting to note that the use of free meshing with triangular 
elements of various sizes does not harm the accuracy of the results. 
5.4.2 Crack of length 0.25 
The second crack case studied is the case of a crack of length 0.25. The actual cracks 
used for these models are represented in Figure 5.13. This defect is more challenging 
than the previous one as the number of nodes defining the defect is very limited in all 
cases with only 9 nodes for the highest density. As in the previous case, when using a 
triangular mesh, the crack geometry is exactly defined whereas the crack obtained with 
the square mesh differs from the exact crack. As the defect is smaller than in the 
previous case, the definition of the crack using a square mesh differs more strongly in 
terms of shape but also in terms of length from the theoretical crack. When a square 
mesh of density 6 is used, the algorithm does not generate any crack and therefore the 
results for this case are of no interest as no reflection occurs. 
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CPE3 N=6 CPE3 N=10 CPE3 N=15 CPE3 N=20 CPE3 N=25 CPE3 N=30 
CPE6/6M N=6 CPE6/6M N=10 CPE6/6M N=15 CPE6/6M N=20 CPE6/6M N=25 CPE6/6M N=30 
CPE4/4R N=6 CPE4/4R N=10 CPE4/4R N=15 CPE4/4R N=20 CPE4/4R N=25 CPE4/4R N=30 
Figure 5.13.0.25 unit long crack definition with triangular and square meshes. Blue line shows 
modelled crack and red line theoretical crack (which is the same line with triangular element meshes 
but not with regular square element meshes). 
Results obtained for the implicit models are presented in Figure 5.14 and 5.15. Results 
for the explicit models for longitudinal and shear waves are presented in Figure 5.16. 
In order to simplify the identification of cases, each plot is associated with a letter and 
a number as in the previous section. 
Looking at the results for the longitudinal cases presented in Figure 5.14, it is 
interesting to see that there is a convergence towards the results obtained with the finest 
mesh for both triangular and square meshes, but this convergence is much slower than 
the one observed for the crack of unit length. For quadratic triangular meshes of density 
20, the error on the amplitude relative to the reference varies between 6 and 8%, but 
for a density of 25 this error is almost negligible. The most likely explanation for this 
is that independently of the mesh density the improvement in the quality of results is 
caused by the increase in the number of nodes defining the crack. Using the free 
meshing algorithm, the number of nodes on the crack is 5,5,9 and 9 for densities of 
15,20,25 and 30. It can therefore be said that it is necessary to have at least 7 nodes 
over the length of a crack to have an error smaller than 5% relative to the case with a 
mesh of density 30. As mentioned previously, the agreement is very good between 
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Figure 5.14. Implicit models for a crack of length 0.25: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
Thin red line is reference for N=30 for each case. 
















-20 0 20-20 0 20 -20 0 20-20 0 20-20 0 20 
Figure 5.15. Implicit models for a crack of length 0.25: Monitored absolute displacement for a shear 
wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line 
is reference for N=30 for each case. 
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Figure 5.16. Explicit models for a crack of length 0.25: Monitored absolute displacement for a shear 
and longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red 
line is reference for N=30 for each case. 
results for N=25 and N=30 for quadratic (B) and modified (C) triangular element types 
indicating that the physical phenomena are very accurately represented. The fact that 
the convergence is not as good with linear triangular elements (A) and that there is an 
error of 13% between the linear and quadratic element cases for N=30 means that with 
linear triangular elements the mesh needs to be refined further in order to model the 
physical phenomena very accurately. Therefore, one can say that quadratic triangular 
elements offer superior results to linear ones when modelling small defects. 
For square elements (D-E), cases for density 6 (no crack) and 10 (short vertical crack) 
are ruled out. Convergence towards the reference occurs for both square element types. 
Unexpectedly, the reference for the reduced integration elements (E) matches more 
closely our best reference (for triangular quadratic elements) than the full integration 
ones. No strong convergence has been reached for N=30; it is therefore difficult to 
draw definite conclusions on the quality of the representation using square elements. It 
can nevertheless be noted that, despite the coarse geometry of the crack and the 
inaccuracy on the exact length of the crack, the reflection is relatively well modelled. 
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The findings from shear wave excitation for all element types are in line with the 
longitudinal ones. 
For all mesh densities, explicit results in Figure 5.16 superimpose closely with the 
results obtained from the implicit ones with the same element type and are presented 
separately for completeness. 
Overall, it is clear that not only the mesh density but also the number of nodes used to 
define a short straight crack at an angle is crucial to accurately represent its reflections 
from both longitudinal and shear waves. Quadratic triangular meshes offer a quick 
convergence towards accurate results. The use of square meshes leading to only 
roughly represented cracks give acceptable results. These are not as accurate as the 
ones obtained with quadratic triangular elements. Linear triangular meshes would need 
to be refined over 30 nodes per shortest wavelength to obtain the same result quality as 
with quadratic triangular elements. The use of quadratic triangular elements is 
therefore preferable to linear triangular and square ones in this case. 
5.4.3 Crack of length 4 
The last crack case studied is the case of a crack of length 4. The actual cracks used for 
these models are represented in Figure 5.17. This defect is not as challenging as the two 
previous ones in terms of correctly defining the geometry of the crack. With a square 
mesh approach even with a mesh density of 6, the crack is well represented geometri- 
cally. 
Results obtained for the implicit models for longitudinal and shear wave excitation are 
presented in Figure 5.18 and 5.19 respectively. Results for the explicit models for 
longitudinal and shear waves are presented in Figure 5.20. 
For both longitudinal and shear wave excitation, all element types show a quick 
convergence towards their reference. The references are very closely matched for all 
element types. For triangular elements, a mesh density of 10 gives acceptable results 
and a mesh density of 15 limits the error on the amplitude to 2%. The error is negligible 
for N superior or equal to 20. For square elements, the criterion is slightly more 
stringent, with results for a mesh density of 20 being acceptable. 
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Figure 5.17.4 unit long crack definition with triangular and square meshes. Blue line shows modelled 
crack and red line theoretical crack (which is the same line with triangular element meshes but not with 
regular square clement meshes). 
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Figure 5.18. Implicit models for a crack of length 4: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
Thin red line is reference for N=30 for each case. 
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Figure 5.19. Implicit models for a crack of length 4: Monitored absolute displacement for a shear wave 
excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line is 
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Figure 5.20. Explicit models for a crack of length 4: Monitored absolute displacement for a shear and 
longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red line is 
reference for N=30 for each case. 
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Explicit results for all mesh densities superimpose closely with the results obtained 
from the implicit ones with the same element type and are presented separately on 
Figure 5.20 for completeness. 
In this case, the relaxation of constraints regarding the number of nodes defining the 
crack leads to a faster convergence of results for all techniques and element types. 
5.4.4 Conclusion 
The influence of the mesh density on the accuracy of results is confirmed by the present 
study but most significantly the importance of the number of elements defining a defect 
is demonstrated. The fact that it is much more difficult to obtain acceptable results for 
a short crack than for a long one is easily understandable. It is interesting to note that 
a large improvement in result quality was achieved when a limited refinement of the 
triangular mesh caused a large increase in the number of nodes defining the smallest 
crack (from 5 to 9). It shows that the number of nodes defining a crack has a strong 
impact on the accuracy of the reflection. It is also worth noting that the regular square 
mesh approach is more adapted to the long crack case than the shorter ones. However, 
even with long cracks, a square mesh needs to be finer than a triangular one in order to 
achieve the same accuracy. Local mesh refinement would be advantageous in models 
where short defects are present if there are no issues with the mesh density transition. 
This last point will be examined in the next chapter. 
5.5. Reflection from circular defects 
The reflection of longitudinal and shear waves from circular defects is studied. In each 
case, a hole is located 10 units away from the excitation point. Three hole diameters 
are used: 0.25,1 and 4 units. This permits to have a wide range of reflection regimes 
for both wave types. The general geometry of the models is shown in Figure 5.21 . a. 
Two meshing strategies are used. On one side, a regular square mesh is used and 
elements are removed in order to create a hole. This is achieved by using a MATLAB 
routine created by a summer placement student, Sumeet Kale, under the guidance of 
the author. It defines a hole as close as possible to the exact hole within the particular 
regular square mesh. The criterion used to determine whether to generate an element 
or not is the distance between the centre point of a potential square element in the node 
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Figure 5.21. Circular defect model: a) with circular defect, b) without circular defect. 
grid to the centre of the exact hole. If this distance is lower than the radius, no element 
is created. This leads to a hole whose edge is jagged. On the other side, a triangular 
mesh generated by the free meshing algorithm from ABAQUS CAE 6.6-1 is used. In 
this situation, the geometry of the hole is determined first and then free meshing of the 
geometry is performed. When using a triangular mesh, nodes are placed on the edge of 
the exact hole and are then used to create elements. The number of elements on the hole 
depends on the diameter of the hole. It is never lower than 8 as the curvature control is 
set to the default setting of 0.1. It is important to note that with linear triangular 
elements, the hole will be made of straight segments whose end points are located on 
the exact circle whereas, with quadratic triangular elements, the hole is represented 
almost exactly with curved segments. 
The displacement field is monitored on a line perpendicular to the line joining the hole 
centre point to the excitation point and over a length of 24 units on each side of the 
excitation point as shown on Figure 5.21. For a longitudinal wave excitation, the 
displacements are monitored in the x direction and for a shear wave excitation, the 
displacements are monitored in the y direction. In theory, the incident displacement 
field is zero in these directions and only the reflection from the edge is present. In 
practice, each case was run with (see Figure 5.21. a) and without (see Figure 5.21 . 
b) the 
crack being modelled in order to achieve high quality reflection fields as this resolved 
some slight numerical issues (low amplitude noise, oscillation close to the excitation 
point). The complex displacement field of the case without the edge is substracted from 
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5.5.1 Hole of unit diameter 
The first case studied is the case of a hole of unit diameter. The actual holes used for 
these models are represented in Figure 5.22. The hole definition is very good with 
triangular meshes whereas, with square elements, a noticeable difference exists for 
coarse meshes. For a regular square mesh of density 15, two models are run: one using 
a diameter of I and one with a slightly larger diameter of 1.01. The consequence of this 
change in diameter is that an extra 8 elements are not generated in the second case. 
These elements are shown in Figure 5.22 and are crossed in order to identify them. 
CPE3 N=6 CPE3 N=10 CPE3 N=15 CPE3 N=20 CPE3 N=25 CPE3 N=30 
CPE6/6M N=6 CPE6/6M N=10 CPE6/6M N=15 CPE6/6M N=20 CPE6/6M N=25 CPE6/6M N=30 
Figure 5.22. Unit diameter hole definition with triangular and square meshes 
Results obtained for the implicit models for longitudinal and shear wave excitation are 
presented in Figures 5.23 and 5.24 respectively. Results for the explicit models for 
longitudinal and shear waves are presented in Figure 5.25. 
Results for the triangular meshes indicate a good convergence of the solution for both 
longitudinal and shear wave excitation towards a common reference. Acceptable 
displacement fields are obtained with 15 nodes per wavelength. A negligible error is 
achieved with a mesh density of 20, although some unwanted low amplitude 
oscillations are still present for linear and modified quadratic elements. 
Looking at the results given by square meshes using the standard algorithm (blue and 
red lines), one can see that the general physical phenomena are correctly represented 
for N superior to 10 and 15 with longitudinal and shear wave excitation respectively. 
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Figure 5.23. Implicit models for a hole of unit diameter: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
Thin red line is reference for N=30 for each case. 
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Figure 5.24. Implicit models for a hole of unit diameter: Monitored absolute displacement for a shear 
wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line 
is reference for N=30 for each case. 
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Figure 5.25. Explicit models for a hole of unit diameter: Monitored absolute displacement for a shear 
and longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red 
line is reference for N=30 for each case. 
The reference matches the one for triangular elements indicating that the displacement 
field is accurate at this density. There is an issue with the amplitude of the signal for N 
up to 25. The convergence is not constant as the amplitude error is higher for a density 
of 25 and 15 than for one of 20. This is much stronger with shear wave cases than with 
longitudinal ones. Two possible sources of error combine to explain this. The first is 
that the diameter at 0 and 90 degrees is smaller than the exact ones for densities of 15 
(diameter of 0.88) and 25 (diameter of 0.96). This should give lower displacement 
amplitude which is not the case here. Against this, with a shear wave excitation, a 
density of 20 and an exact diameter at 0 and 90 degrees, the amplitude is lower than 
the reference. This shows that the error on the diameter is not the major contributor to 
the amplitude error. The low slope of the front face of the hole can not be resolved 
accurately by the square mesh and a small variation on the density or diameter leads to 
very different shape. At a density of 15, the front face of the hole is made of a flat area 
of 8 elements out of the 14 on the diameter (57%) and in the same way, for a density 
of 25, a flat area of 10 out of 24 elements (42%) whereas for a density of 20, it is only 
6 out of 20 (30%). 
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In order to look at the influence of this, a hole of diameter 1.01 is generated. The small 
change in the exact diameter means that the shape of the front face changes as the 
crossed elements in Figure 5.22 are omitted. The flat central part of 8 elements changes 
into 2 central elements bordered by 2 flat parts of 3 elements each. The results for this 
modified hole are plotted with a green line on Figures 5.23 and 5.24. The change 
causes the reflected amplitude at the excitation point to drop by 40% for the shear wave 
despite the change in the actual diameter at 0 and 90 degrees from 0.88 to 1.12 units. 
It is likely that this dramatic change can be explained by the fact that the front face of 
the hole does not behave as a flat reflector in the new configuration. This may also be 
the consequence, of a change in the reflection interference pattern of the various steps 
of the edge of the hole. The shear wave case is far more sensitive to this than the 
longitudinal case. This shows that the way the jagged edge of the hole is defined 
strongly influences the reflection from a hole in particular in the case of shear wave 
excitation. 
5.5.2 Hole of diameter 0.25 
The second case studied is the case of a hole of diameter 0.25. The actual holes used 
for these models are represented in Figure 5.26. The effect of the curvature control is 
clearly seen for linear and quadratic triangular meshes up to a density of 15 and 20 
respectively. It is worth mentioning that using the default setting, the number of 
elements is at least 8 on the edge of the hole. This means that at least 8 and 16 nodes 
are used for linear and quadratic elements respectively. The definition of holes using a 
square mesh is much approximated. Given the findings of the previous part, this should 
be reflected in the results. 
Results obtained for the implicit models for longitudinal and shear wave excitation are 
presented in Figures 5.27 and 5.28 respectively. Results for the explicit models for 
longitudinal and shear waves are presented in Figure 5.29. 
The results obtained with quadratic and modified quadratic triangular meshes for both 
type of excitation show a good convergence with a negligible difference between N=25 
and N=30. Convergence is slower with linear elements and errors still exist between 
N=25 and N=30. An error of 4% exists between the reference for quadratic and linear 
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CPE3 N=6 CPE3 N=10 CPE3 N=15 CPE3 N=20 CPE3 N=25 CPE3 N=30 
CPE6/6M N=6 CPE6/6M N=10 CPE6/6M N=15 CPE6/6M N=20 CPE6/6M N=25 CPE6/6M N=30 
CPE4/4R N=6 CPE4/4R N=10 CPE4/4R N=15 CPE4/4R N=20 CPE4/4R N=25 CPE4/4R N=30 
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Figure 5.27. Implicit models for a hole of diameter 0.25: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
Thin red line is reference for N=30 for each case. 
elements. This indicates that an even finer mesh is required for the linear elements in 
order to represent the reflection very accurately. For square meshes, the reflection 
pattern is correctly represented for all mesh densities but, as seen previously, a 
variation on the amplitude is caused by the actual diameter of the hole and the shape 
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Figure 5.28. Implicit models for a hole of diameter 0.25: Monitored absolute displacement for a shear 
wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line 
is reference for N=30 for each case. 
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Figure 5.29. Explicit models for a hole of diameter 0.25: Monitored absolute displacement for a shear 
and longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red 
line is reference for N=30 for each case. 
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of the jagged edge. This variation is far from being as strong as in the previous case. 
This is likely to be due to the fact that the curvature of the hole is higher relative to the 
element size and that the behaviour of the hole is closer to a point scatterer. 
5.5.3 Hole of diameter 4 
The last case studied is the case of a hole of diameter 4. The actual holes used for these 
models are represented in Figure 5.30. The curvature control has no effect even for the 
coarsest of mesh. The definition of the holes using the square mesh approach provides 
a jagged edge which seems to be geometrically close to the exact hole. 
CPE3 N=6 CPE3 N=10 CPE3 N=15 CPE3 N=20 CPE3 N=25 CPE3 N=30 
CPE6/6M N=6 CPE6/6M N=10 CPE6/6M N=15 CPE6/6M N=20 CPE6/6M N=25 CPE6/6M N=30 
CPE4/4R N=6 CPE4/4R N=10 CPE4/4R N=15 CPE4/4R N=20 CPE4/4R N=25 CPE4/4R N=30 
Figure 5.30.4 units diameter hole definition with triangular and square meshes 
Results obtained for the implicit models for longitudinal and shear wave excitation are 
presented in Figures 5.31 and 5.32 respectively. Results for the explicit models for 
longitudinal and shear waves are presented in Figure 5.33. 
Results for the triangular meshes show a good convergence for both longitudinal and 
shear wave excitation towards a common reference. The error is negligible with a mesh 
density of 20, although some unwanted low amplitude oscillation is still present for 
linear and modified quadratic elements. For N=15, acceptable results are obtained. 
With square elements, longitudinal wave excitation results converge towards the 
reference of the triangular elements, but results for shear wave excitation are only 
acceptable for N=30. For mesh densities lower than this, the expected single peak at 
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Figure 5.31. Implicit models for a hole of diameter 4: Monitored absolute displacement for a 
longitudinal wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. 
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Figure 5.32. Implicit models for a hole of diameter 4: Monitored absolute displacement for a shear 
wave excitation using mesh made of CPE3, CPE6, CPE6M, CPE4 and CPE4R elements. Thin red line 
is reference for N=30 for each case. 
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Figure 5.33. Explicit models for a hole of diameter 4: Monitored absolute displacement for a shear and 
longitudinal wave excitation using mesh made of CPE3, CPE6M and CPE4R elements. Thin red line is 
reference for N=30 for each case. 
the excitation point is replaced by twin peaks that gradually disappear as the mesh is 
refined. This confirms that shear waves are particularly sensitive to the jagged edge 
that occurs when modelling a hole with a regular square mesh. 
5.5.4 Conclusion 
The study of the modelling of the reflection of waves from circular defects showed that 
the use of triangular element meshes gives accurate results for small, average and large 
holes. The strength of the method was demonstrated when modelling a small hole of 
diameter 0.25 (a quarter of the shortest wavelength). The curvature control provided 
by the free meshing algorithm set at the default setting (0.1) refined the mesh around 
the location of the hole allowing a precise representation of the feature despite the 
overall coarseness of the mesh. In this case, excellent results were obtained with 
quadratic and modified quadratic elements for a mesh density of 20. A finer mesh is 
required to achieve similar quality using linear elements. For other cases, all triangular 
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It was demonstrated that the use of a regular square mesh to model circular defects is 
not appropriate unless a very fine mesh of density superior to 30 is used. Although the 
method performed well with longitudinal excitation, shear wave excitation cases were 
shown to be particularly sensitive to the way the edge of the hole is defined. 
Performance was in fact better for the small hole case than for the average and large 
hole cases. 
5.6. Conclusions 
This study has highlighted the challenges of modelling a range of defects using finite 
elements. The use of a regular mesh was shown to perform very well to model a 
straight edge when aligned with the mesh, but its inefficiency was demonstrated when 
modelling features whose geometries do not follow the grid exactly. The issue of 
correctly dimensioning a feature in a fixed grid (e. g exact crack length) length was 
highlighted but can be easily resolved by adjusting the mesh density to fit the size of 
the defect. It was demonstrated that this is not the main issue influencing the quality of 
results. The stair-cased definition of the edges of defects proved to be the crucial 
parameter influencing the quality of results. Even with large defects, relatively fine 
meshes (N=25) performed poorly in cases dominated by shear waves. Therefore, the 
regular mesh approach can only be confidently used to model defects not aligned with 
the mesh when the mesh density is extremely fine (N>=30). 
Local mesh refinement where only a small area around the defect is extremely finely 
meshed would be advantageous in this situation. The use of two meshes of different 
densities tied together, which would enable such a refinement to be achieved 
economically, is investigated in the next chapter. 
Triangular meshes generated by the free meshing algorithm have proved to perform 
well in most cases. The fact that the element size is not exactly constant did not cause 
a deterioration of results. Dimensioning of the defect was better than with the regular 
square mesh approach. As the geometry was defined using the interactive tools of 
ABAQUS/CAE before meshing, straight defects were defined exactly. Circular 
defects were well defined in all cases; this was helped by the curvature control which 
in fact provided a local mesh refinement in the case where a small hole was modelled. 
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Quadratic and modified quadratic elements proved to perform better in situations 
where only a limited number of nodes defined a defect. 
Overall, the author recommends using meshes of regular linear square elements for 
models where features can be aligned with the node grid. Automatically generated 
meshes made of modified quadratic triangular elements should be used in cases where 
this can not be done or where features include curved edges. 
The number of nodes that defines a small feature plays an important role in the quality 
of the modelling of the interaction of a wave with the feature. In this situation, the 
author would recommend using at least 8 nodes to define a feature in order to be 
confident that the physical phenomenon is correctly represented. 
With regards to the mesh density, it is difficult to provide a general rule. Nevertheless, 
it can be said that a mesh density of 10 generally provides good qualitative results and 
that a mesh density of 30 generally provides excellent qualitative and quantitative 
results. It is therefore down to the modeller to decide what mesh density to use for a 
particular model based on what is required from the model. 
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6.1. Introduction 
As seen in the previous chapter, when using a mesh made of regular square elements, 
it is challenging to accurately model defects whose geometry is not aligned with the 
node grid. One technique targeted at correctly modelling the interaction of waves with 
complex defects is known as the fictitious domain method. This technique is presented 
in Section 6.2. Research is still active in this topic and has successfully shown to 
improve modelling of complex defects but, to the best of our knowledge, the imple- 
mentation of the technique cannot be achieved in commercially available FE packages 
and requires the use of specialist FE codes. 
Let us consider a complex defect in a regular square mesh. As seen in Chapter 5, a 
mesh density superior or equal to 30 nodes per shortest wavelength is necessary to 
accurately define the defect whereas a mesh density of 10 or 15 would be suitable for 
the rest of the mesh. Using an extremely fine mesh over the whole model would 
provide satisfactory results but would also drastically limit modelling potential for 
large components. A way of improving this would be to use a relatively coarse mesh 
for the majority of the model but use a refined mesh in the local area surrounding the 
defect. This would allow a precise representation of the interaction of the wave with a 
defect while significantly reducing the number of degrees of freedom in the model. 
The work in this chapter solely focuses on local mesh refinement of a regular square 
mesh using conventional tools available in the commercial FE package ABAQUS. The 
advantage of opting for a commercially available solution is that it removes the need 
to create and maintain a specialist code and strongly facilitates the transfer of the 
capability to industry. The method investigated in this part consists in creating two 
separate areas having a different mesh density and tieing them together. 
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There are two main issues which have not allowed this to be implemented straightfor- 
wardly in FE models in the past. The first one is the fact that changing the element size 
in a regular mesh of elements changes the acoustic impedance of the mesh. This fact is 
confirmed by the findings of chapter 4 as it was demonstrated that wave velocities 
depend on the type of element and the density of the mesh. The other issue is related 
to the way meshes of different size are tied together. At the interface between meshes 
of different densities, the displacements of both meshes on each side of this boundary 
are matched closely. As this is not done perfectly, it causes reflections. 
In this chapter, a range of FE models are created and studied in order to better 
understand and quantify the influence of these sources of error. 
6.2. Fictitious domain technique 
6.2.1 Review 
A recent review by Dr Elizabeth Skelton [28] offers a good overview of the technique. 
The development of the fictitious domain method started in the early 1960s but only 
gained momentum in the 1990s through the work performed at the INRIA research 
centre in France. Early developments and a portion of the research that followed 
concentrated on the implementation of the technique for elliptic equations [75,76,77]. 
Since our focus is on wave propagation problems, it is noted that developments of the 
technique for the Helmholtz problem were performed in several papers [78,79,80]. 
Time domain methods were also developed for time dependent acoustic [29] and 
elastodynamic [30] problems. 
6.2.2 Presentation 
Without getting into a detailed description of various mathematical implementations 
and their implications, the general philosophy of the methods is to describe the area of 
study and the defect separately and then to link them. A generally coarse (e. g. density 
of 10 elements per shortest wavelength) regular square mesh describes the whole area 
of study. The defect is created independently using a set of new variables. The equation 
defining the boundary condition at the edge of the defect is coupled with the wave 
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equation in order to solve the problem. The technique proved to work well for a variety 
of cases and is still the subject of active research. 
6.2.3 Conclusion 
Despite the success of the technique, it requires the modification of the way the solver 
computes the results. This unfortunately makes this technique not adapted to an imple- 
mentation into a commercial FE package. Although the technique seems promising, as 
the implementation in commercial FE packages is not possible, it is not investigated 
further in this work. 
6.3. Abrupt mesh density variation 
In this section, the reflection from an abrupt change in mesh density is investigated. 
6.3.1 1D wave propagation models 
6.3.1.1 Model definition 
As in the previous chapter, models are non-dimensional and the elastic material is 
defined so that the longitudinal and shear wavelengths are 2 and 1 units respectively: 
Young's modulus is 8/3, Poisson's ratio is 1/3 and density is 1. The general geometry 
of the models is presented in Figure 6.1. Models are 2D plane strain, 100 units long and 
1 unit thick but are constrained (i. e. displacement equal to zero) in order to have 1D 
plane wave propagation. For ID longitudinal wave propagation, the vertical 
displacement is set to zero on the top and bottom surfaces of the model. In the case of 
shear wave propagation, the horizontal displacement is constrained. 
A regular square mesh is used over the whole model but it is split halfway (50 units 
from excitation) into two parts. The density of the mesh is different between the left 
and right hand sides. Both parts are tied together using the TIE function of ABAQUS 
6.6-1 [14]. This function applies a rule that links the displacement of the nodes of the 
boundaries of the two parts. 
The excitation is applied using a uniform force of unit amplitude over the whole 
thickness at the left hand extremity of the geometry. An ALID is used on the right hand 
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extremity of the model to absorb incoming waves. Figure 6.1 shows a schematic of the 
model geometry. 
Left part of model: Element size=0.1 Right part of model: Element size=0.2 






Figure 6.1. Definition of lD model 
Models are run with ABAQUS 6.6-1 in both the time domain (explicit) and the 
frequency domain (implicit). For the latter, the excitation is applied as a real harmonic 
excitation whose frequency is 1; the complex displacement field is obtained directly 
and used later to plot the absolute displacement field. For the explicit case, in order to 
obtain an absolute displacement field similar to the frequency domain one, two 
separate models are run: one with cosine and one with sine excitation of unit frequency. 
The complex displacement field is obtained by adding the result of the cosine case to 
the result of the sine case multiplied by i. The first half of a Hanning window is used 
over the first 5 cycles in order to ramp up the amplitude of the sine and cosine to a 
constant value in order to avoid exciting a broad range of frequencies. The model is run 
sufficiently long so that the steady state is reached at all locations where the 
displacements are monitored. 
For longitudinal waves, the horizontal displacement is monitored at the half thickness 
line from 10 to 40 units away from the excitation. For shear waves, the vertical 
displacement is monitored. A spatial FFT [61] is applied to the complex displacement 
field in a similar way to the example presented in Section 3.5.3.1. As shown in Figure 
3.25, the positive peak gives the amplitude of the incident wave generated by the 
excitation and the negative one the amplitude of the wave travelling in the opposite 
direction caused by the interface between the two parts of the model. The ratio of these 
two amplitudes gives the reflection coefficient of the waves from the interface. As 
explained in Section 3.5.3.1, the propagation velocity is given by the x-position of the 
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peak on the spatial FFT graph. In this case, padding is applied to the FFT to have a 
precise value of the velocity. 
Implicit models are run using linear square elements with full (CPE4) and reduced 
(CPE4R) integration. Explicit models are only run using reduced integration linear 
square elements (CPE4R) as they are the only linear square elements available for this 
type of solver. The tie function is used with its default settings for implicit 
(TYPE=SURFACE TO SURFACE) and explicit (TYPE=NODE TO SURFACE) 
solvers with no adjustment on the position of the nodes as the two tied surfaces 
superimpose perfectly. Element based surfaces are used with explicit and implicit 
models. In both cases, following the user manual instructions, the surface with coarsest 
mesh is set as the master surface. Details about the TIE function can be found in [14]. 
6.3.1.2 L wave 1D model using theoretical material properties 
In the first model, only longitudinal waves are generated. The element size is 0.1 on 
the left part and 0.2 on the right part. This corresponds to a mesh density of 20 and 10 
elements per longitudinal wavelength. The theoretical material properties given above 
are used. 
The results obtained from the model give a reflection of 1.972% (-34.1dB) of the 
incident wave in all cases. The fact that the same reflection is obtained for all solvers 
and element types means that the integration type (full or reduced) and solver type 
(explicit or implicit) do not influence the amplitude of the reflection at the interface 
between the two meshes. This also confirms that implicit and explicit implementation 
of the tie are correct. The following models are therefore run just with the implicit 
solver and reduced integration elements. The propagation velocities measured on each 
side of the interface are 1.992 and 1.966. This agrees very well with results obtained in 
Chapter 4, as the predicted velocities at 0 degrees are 1.991 and 1.964 for a regular 
mesh of 20 and 10 elements per longitudinal wavelength respectively. 
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where Z is the impedance, p the density and c the velocity. The subscript indicates the 
density of the mesh. 
Using the velocities measured in the model, the theoretically predicted reflection due 
to the change in impedance is 0.657%. As the amplitude of the reflection is higher than 
this value, the remaining part of the reflection may be due to the way the interface is 
implemented. 
6.3.1.3 L wave 1D model with matched acoustic impedance 
The second model is similar to the first model but in order to separate the contribution 
of the velocity error and the tie of the mesh, the acoustic impedances of both meshes 
at 0 degrees are matched by adjusting the longitudinal velocities in both parts of the FE 
model to be equal to the theoretical one (ctth=2) The velocity in the original FE model 
CLor is defined by the theoretical velocity ctth multiplied by a ratio RL: 
The original velocity in the FE model cLO, necessary to define RL is either measured 
by spatial FFT in the model or derived by using the estimate given in Chapter S. 
_1=1 
Eth (1-Vrh) 
ýLor = RLCLth TL 
th(1 
+ Vth)(1 - 2Vth) 
(6'2) 




As the error between ct, and cLih is small, the adjusted velocity cLadj is defined as: 
CLad] = RLCLth = 
Eth (1- vth) 
_ 
Eadj (1- vadj) 
R 
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The density and Poisson's ratio are kept the same but the Young's moduli are changed: 
Vadj = Vth 3, Pads = Pth and Eadj = RL2Eth (6.5) 
The adjusted Young's moduli for mesh densities of 20 and 10 are 2.765 and 2.688. The 
adjusted velocities measured with the spatial FFT are 2.000 and 2.000 for densities of 
10 and 20 elements. Therefore the theoretical reflection due to the change of 
impedance should be 0%. The reflection coefficient given by the spatial FFT is 1.240% 
(-38.134dB). As expected, matching the impedance has reduced the reflection 
coefficient. Interestingly, the difference in the reflection coefficient of the first and 
second models is 0.732% which is close to the predicted contribution of the change of 
impedance in the first model (0.657%). It indicates that the total reflection from the 
interface is equal to the sum of the change of impedance and the error due to the tie of 
the 2 meshes. 
6.3.1.4 L and S wave 1D model with matched acoustic impedance 
In this model, both shear and longitudinal waves are modelled in separate runs. The 
element size is 0.05 and 0.1 on the left and right part of the model respectively. The 
mesh density is therefore 20 and 10 elements per shear wavelength and 40 and 20 
elements per longitudinal wavelength. 
Theoretical material properties are used to start with. The measured reflection 
coefficients in this case are 0.470% (-46.56dB) and 1.971% (-34.108dB) for 
longitudinal and shear waves. The measured velocities are: cLle fi 1.998, cSlefr 0.996, 
CLright 1.9918 and csrighr 0.983. The reflection caused by the change of impedance is 
predicted to be 0.155% and 0.657% of the incident signal. The reflection coefficient 
for shear waves in this case is the same as the longitudinal one in the first 1D model. 
The number of elements per considered wavelength is the same in both cases. This 
leads to the error on velocities being the same and therefore the change of impedance 
being the same. It indicates that both shear and longitudinal waves interact in the same 
way with the interface at equivalent number of elements per wavelength. 
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The material properties are adjusted in order to match the longitudinal wave acoustic 
impedance on both sides of the model. The velocities then are: CLleft 2.000, 
CSleft 0.997, CLright 2.000 and csrighi 0.983. The reflection caused by the change of 
impedance is predicted to be 0% and 0.484% of the incident signal. The measured 
reflection coefficient for the longitudinal wave is 0.309% (-50.19dB) and for the shear 
wave is 1.795% (-34.92dB). In both cases, the drop in reflection coefficient matches 
the change in the contribution of the change of impedance. This confirms the findings 
of the previous model. 
Following this, the material properties are adjusted in order to match the shear wave 
acoustic impedance in both sides of the model. The velocities then are: CLlefi 2.006, 
CSIefl=1.000, CLright 2.026 and csrighi 1.001. In this case, the velocities in the right 
hand side of the model are higher than in the left one. This leads to a negative reflection 
contribution due to the impedance change which indicates a phase shift of 180 degrees. 
It is predicted to be -0.496% and -0.050% of the incident wave. The reflection 
coefficient for the shear wave is 1.240% and for the longitudinal wave is -0.197%. The 
negative sign indicates a phase shift. The results for the shear wave are in line with the 
previous cases. For the longitudinal wave, it is very interesting to note that the 
reflection coefficient (-0.197%) is also very close to be the sum of the contribution due 
to the change of impedance (-0.496%) and the interface (0.309%). This indicates that 
it should be possible to completely remove the reflection by matching the reflection 
due to the interface with a reflection due to an impedance change of equal amplitude 
and opposite phase. 
Finally, the material properties are adjusted in order to match both the shear and 
longitudinal wave acoustic impedance in both sides of the model. 
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CLor - RLCLth - RL Prh(1 +Vjh)(1 -2V, h) 
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(6'8) 




As the error between the FE and theoretical velocities is small, the adjusted velocities 




CLadj = RLCLIh = RL Pth(1 ý-Vth)(1-2V -1 - 2V 
(6.10) 
th) Padj(1 Vadj) (1 adj) 
Csadj = RsCsrh = RS 
/Elh 1_ Ead* 1 (6 11) 
Prh2(1 +vrh) Padj2(1 + Vadj) 
As we want these velocities to match the theoretical ones, we have: 
CLadj = 2CSadj (6.12) 
The density is kept equal to I but the Young's moduli and Poisson's ratios are changed. 
Replacing cLadj and csadj in 6.12 with 6.10 and 6.11 and doing some algebra, we have: 
2R2 - RS 22(1 + vadj) 
Vadj =2 2' Pads = Pry, and 
Eadi = Rs (6.13) 
4RL - RS Pall 
In this model, we therefore take: Ele ft 2.686, vlefl 0.3319, Eright 2.747 and 
Vright 0.327. This gives: cLleft 2.000, CSlef 1.000, cLright 2.000 and cSright 1.001. 
The reflection caused by the change of impedance is predicted to be 0% and -0.050% 
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of the incident signal with longitudinal and shear waves respectively. The measured 
reflection coefficient for the longitudinal wave is 0.309% (-50.19dB) and for the shear 
wave is 1.240% (-38.13dB). In both cases, the drop in reflection coefficient matches 
the change in the contribution of the change of impedance compared to the non 
adjusted case. In this situation, the reflection is only due to the interface between the 2 
parts. 
6.3.1.5 L and S wave 1D model with varying acoustic impedance 
This model is similar to the previous one except that in this case, the Young's modulus 
and Poisson's ratio are kept at their theoretical values in the left part of the model 
where the element size is 0.05 whereas the ones for the right part where the element 
size is 0.1 are varied parametrically. 
To start with, the Poisson's ratio is kept constant and the Young's modulus is varied 
from 2.65 to 2.8 for the longitudinal wave and 2.65 to 2.95 for the shear wave. The 
reflection coefficient is measured as the Young's modulus is varied. The results are 
plotted in Figure 6.2. The reflection coefficient due to the impedance mismatch 
between the 2 parts of the model is calculated using Equation 6.1 and is plotted against 
the Young's modulus of the right part of the model. The difference between this and 
the total reflection is also plotted. 
The first point of interest is that with both wave types the variation of the reflection 
from the FE model is linear against the Young's modulus. The impedance part of the 
reflection also varies linearly and with a slope close to the one of the total reflection. 
This is confirmed by the fact that the difference between these 2 curves, although not 
constant, varies linearly with a low slope. As mentioned in the previous part, it can be 
considered that the total reflection is made of the sum of the contribution due to the 
impedance mismatch and the one from the tie. In the previous plot, the difference 
between the FE and impedance related reflection is plotted as the reflection due to the 
tie. The assumption is made that the calculated and actual reflection due to the 
impedance mismatch are equal. As it is likely that a small discrepancy between these 
2 exists, the plot for the tie reflection therefore includes this source of error. It is 
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Figure 6.2. Reflection coefficient for longitudinal and shear waves against Young's modulus. 
possible that this discrepancy is the reason for the reflection due to the tie not being 
constant but given the results from the previous model, this is unlikely. It can be said 
with a fair degree of confidence that the variation in the reflection due to the tie is 
mainly due to the variation of the Young's modulus rather than a change in the 
difference between the calculated and actual reflection due to the impedance 
mismatch. 
The variation in Young's modulus leads to a variation in the overall reflection which 
is largely driven by the change in the impedance. It can be seen that the reflection due 
to the interface is higher for the shear wave case than the longitudinal one. Using 
results from 6.3.1.2, it is clear that this is not related to the wave type but to the mesh 
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it is dependent on the number of elements per wavelength of the considered wave. This 
point is investigated in detail further in this chapter. 
Following this, the Poisson's ratio is varied from 0.32 to 0.335 and the Young's 
modulus from 2.6 to 2.9. The reflection coefficient is measured as the Young's 
modulus and Poisson's ratio are varied. The results are plotted in Figure 6.3. The 
reflection coefficient due to the impedance mismatch between the 2 parts of the model 
is calculated using equation 6.1 and is plotted against the Young's modulus in the right 










16 GJ .0 lip 
Q 







0-0 ZP, -s 
A 
2.6 2.65 2.1 L. /J ý. o Young's modulus 
- FE - Impedance - FE-Impedance (Tie) 
Figure 6.3. Reflection coefficient for longitudinal and shear waves against Young's modulus and 
Poisson's ratio. 
The variation of the reflection coefficient against the Young's modulus and Poisson's 
ratio is close to linear for both parameters and wave types. The reflection due to the 
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impedance changes varies in a similar fashion. This means that, as can be seen on the 
figure, the reflection due to the interface is relatively stable over the whole range of 
parameters. As seen in the previous case, the amplitude of the reflection due to the 
interface is not the same for both wave types and depends on the mesh density. 
Given the shape of the total reflection surfaces, it should be possible to find a point 
where there is no reflection for both wave types. Making the assumption that the 
surfaces are flat ones, the equations for the reflection coefficient for longitudinal and 
shear wave are found to be: 
RCL = -9.02E-86.8v+53.44 (6.14) 
RCS = -9.69E+20.8v+20.82 (6.15) 
The total reflection is therefore zero for both waves when the elastic properties in the 
right part of the model are: Young's modulus=2.8372 and Poisson's ratio=0.3208. 
A FE model is run for these parameters. The reflection is 0.006% (-84.52dB) and 
0.005% (-85.75dB) for longitudinal and shear waves respectively. These values are 
negligible and confirm that it is possible to remove the reflection from both wave types 
at a given angle by adjusting the Poisson's ratio and Young's modulus. 
6.3.1.6 L wave 1D model with different mesh ratio 
As seen previously, the reflection due to the interface is close to constant when the 
acoustic impedance in one side of the model is changed but it varies noticeably with 
the mesh density. In this model, only longitudinal waves are studied as it was 
demonstrated that the reflection from the interface is independent of the wave type. 
The theoretical material properties as defined in Section 6.3.1 are used. The mesh 
density of both parts of the model is varied from 6 to 40 elements per longitudinal 
wavelength. The reflection coefficient is measured over this range of values and is 
plotted in Figure 6.4. a. The reflection due to the change in impedance calculated by 
using the measured velocities in each part of the model with equation 6.1 is plotted in 
Figure 6.4. b. The difference between these 2 reflections is considered to be the 
reflection due to the tie. This is plotted on a linear and log scale in Figure 6.4. c and d. 
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Figure 6.4. a) Total reflection, b) Reflection due to the imped ance change, c) and d) Reflection due to 
the tic (linear scale and log scale). 
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The total reflection varies smoothly as the mesh densities are varied. As expected, 
central to all graphics in Figure 6.4 is a line of symmetry of zero reflection. Figure 6.4. d 
highlights that the reflection due to the tie is largely dependent on the mesh densities 
of both parts of the model. The reflection coefficient due to the tie and the impedance 
for a range of combinations of meshes in the situation where material properties are the 
same are presented in Table 6.1 and 6.2. It is interesting to note that the reflection 
caused by the tie contributes about twice as much as the one due to the impedance. 
Table 6.1. Table of reflection coefficients due to the tie between two meshes in % 
N 15 20 25 30 35 40 
10 0.995% 1.325% 1.478% 1.561% 1.608% 1.639% 
15 0.329% 0.482% 0.565% 0.612% 0.643% 
20 0.152% 0.235% 0.281% 0.312% 
25 0.082% 0.128% 0.159% 
30 0.045% 0.076% 
35 0.030% 
Table 6.2. Table of reflection coefficients due to the impedance difference between two 
meshes in % 
N 15 20 25 30 35 40 
10 0.481% 0.646% 0.720% 0.759% 0.786% 0.802% 
15 0.165% 0.238% 0.278% 0.304% 0.321% 
20 0.073% 0.113% 0.1393% 0.156% 
25 0.039% 0.066% 0.082% 
30 0.026% 0.043% 
35 0.016% 
6.3.2 2D wave propagation models 
As seen in the previous part, the reflection from the interface between 2 meshes can be 
made equal to zero at normal incidence. In this part, the effect of removing the 
reflection at one angle is investigated over the full angle range of 2D models. 
6.3.2.1 Model definition 
The 2D model is similar to the models used for the study of Chapter 4. At the centre of 
the model is a 70 unit square made of a fine mesh of density 20 elements per shortest 
wavelength. This square is bordered by a9 unit thick layer made of a coarser mesh of 
195 
Chapter 6 
Local mesh refinement 
density 10 elements per shortest wavelength which is bordered by a6 unit thick ALID 







Figure 6.5.2D model geometry 
Both shear and longitudinal wave generations are considered. Models are excited by 
body forces being applied on four elements as in Chapter 5. This generates an almost 
pure wave - shear or longitudinal - and, as the size of the source is only a fraction of a 
wavelength, is close to a point source. The point located at the centre of the four 
elements is referred to as the excitation point. This point is located at the centre of the 
model. A 10 cycle Hanning windowed tone burst of centre frequency 1Hz is used. 
The model is run for two cases. In one case, it is run using the reference material 
properties defined in Section 6.3.1.1 in both the coarse and fine mesh parts. In the other 
case, the material properties are the theoretical ones in the fine mesh part and the 
adjusted ones in the coarse mesh part in order to have zero reflection for both wave 
types at 0 degrees as defined in Section 6.3.1.5. The displacement fields in the top right 
corner at t=30 and t=60 for longitudinal and shear waves respectively are plotted in 
Figure 6.6. 
Unlike in the ID model, the waves decay as they propagate, due to beam spreading. 
The colour scale is adjusted so that the colour range covers the range of amplitude from 
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Figure 6.6. Absolute displacement field in the top right corner of the 2D models. Longitudinal wave 
excitation with a) theoretical and b) adjusted material properties. c) Definition of wave packet 
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0 to 1% of the desired incident wave when it hits the interface between coarse and fine 
meshes. All data above 1% is coloured in grey. The position and propagation direction 
of the different wave packets are schematically represented in order to simplify under- 
standing. 
Looking at the results for longitudinal wave excitation, it can be seen that there is a 
noticeable longitudinal wave reflection occurring at 0 degrees in the case using the 
theoretical material properties everywhere. The amplitude of this wave at 0 degrees is 
about 0.5%. It confirms that in the case of an abrupt change in mesh density the implicit 
and explicit cases give similar results. The use of adjusted properties significantly 
reduces the amplitude of the reflection for low angles of incidence but the amplitude 
of this reflection seems to increase with the angle of incidence. The shear wave 
reflection is reduced by the change in properties but has a similar amplitude variation. 
Shear wave results carry similar findings. The shear wave reflection is not seen at 0 
degrees but can be clearly identified at higher angles of incidence. 
It can be concluded that the use of adjusted material properties based on the 1D model 
does not provide a significant gain in 2D compared to the non adjusted case. The 
explanation for this is two fold. First, as the angle of incidence varies, the visible 
acoustic impedance of the meshes changes because the mesh density is altered. 
Therefore the exact opposition of the reflections due to the tie and the impedance 
change does not exist anymore. Secondly, as mode conversion exists for angles 
different to zero, the reflection characteristics at each angle changes. Unique 
combinations of waves exist for each angle of incidence and means that there is a 
strong increase in the complexity of the problem. 
Minimising the reflection due to the change of impedance over the full range of angle 
of incidence is an achievable target. Significantly reducing the reflection due to the tie 
below its original value is unlikely to be easily achievable if at all possible. 
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6.4. Gradual mesh density variation 
As discussed previously, in a model where 2 meshes using the same material properties 
but having different mesh densities are tied together, a reflection occurs at the 
interface; this reflection is caused by the change of impedance and the error in the tying 
of the meshes. This latter contributes twice as much as the former. It would be 
beneficial if the reflection due to the tie could be reduced significantly. A solution 
which is investigated in this part is to have a gradual change in mesh density rather than 
an abrupt one. 
6.4.1 1D wave propagation model 
The 1D model is similar to the 1D models used in the previous part in all aspects apart 
from the way the mesh density change is achieved. In this case, the change in mesh 
density is achieved over a number of layers so that the mesh density is varied by 1 unit 
per layer. The layers are made of square elements whose dimension vary as the mesh 
density is varied. This is shown in Figure 6.7. 
Left part of model: Element size=0. I Right part of model: Element size=0.2 
Gradual interface ALID 




Figure 6.7. Definition of 1D model with gradual mesh density change. 
The effect of the impedance change is removed by matching the acoustic impedance 
for both wave types at 0 degrees in every part of the model as described in Section 6.13. 
The impedances are adjusted to 2 for longitudinal waves and 1 for shear waves in all 
parts of the model. It is run in the time domain with the explicit solver. The excitation 
consists of a 10 cycles tone burst of unit centre frequency. The thickness is 1 unit. The 
left and right parts are 75 and 100 units long respectively. The central part where the 
gradual change of mesh density occurs is 0.62 units long. 
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The absolute displacement fields obtained at times 64 and 128 for longitudinal and 
shear waves are plotted in Figure 6.8. At these times, the incident wave packets have 
travelled through the interface. As previously, the colour scale is adjusted so that the 
colour range covers the amplitude from 0 to 1% of the incident wave. This is done to 
highlight low amplitude signals. All data above 1% is coloured in grey. 
a) 
h) 
Incident wave packet 
Rcllection Gradual Incident wave packet 
interface __ _ __ 
X scale: 10 units =1.18cm Y scale: 1 units =1.4cm 
Figure 6.8. Absolute displacement field for a) longitudinal and b) shear wave excitation models with a 
gradual change of mesh density at t=34 (longitudinal) and t=68 (shear). 
In both cases, the incident wave packet goes through the interface with almost no 
change to its amplitude but it can be seen that reflection from the interface occurs in 
both cases. Their amplitude is 0.52% and 0.32% of the longitudinal and shear incident 
wave packet. In the longitudinal wave case, it can be noted that the reflection is more 
spatially spread than the incident signal. This does not appear to be the same in the 
shear wave case. After the interface, the longitudinal wave packet is followed by a trail 
of waves similar to the reflection one. The striking feature in both cases is the presence 
of unexpectedly high displacements localized around the interface. For the fields 
plotted above, the maximum displacement is 10.5% and 0.65% of the incident 
longitudinal and shear wave packets. Given that boundary conditions are set such that 
the model should behave as a1D one, the fact that these displacements are not constant 
in the vertical direction indicates numerical problems caused by the gradual interface. 
This shows that the use of a gradual change of mesh density does not significantly 
reduce the reflection from the interface. It also causes numerical issues in the model. 
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6.4.2 2D wave propagation model 
The 2D model is similar to the 2D models used in Section 6.3.2 apart from the way the 
mesh density change is treated. In this case, the mesh density change occurs over a 
range of layers as in the 1D study of this section. Figure 6.9 shows the way this is 
achieved in the 2D model. The mesh density is varied by 1 unit for each layer to 
gradually change the mesh density from 10 to 20. The Young's modulus and Poisson's 




Figure 6.9. Gradual mesh density change for the 2D model. 
The displacement fields in the top right corner of the model at t=35 and t=70 for 
longitudinal and shear wave respectively are plotted in Figure 6.10. The colour scale 
is adjusted so that the colour range covers the amplitude from 0 to 1% of the incident 
wave when it hits the gradual interface. All data above 1% is coloured in grey. 
Elfin 
b) 
Scale: 10 units -I. 1 qcm 
Figure 6.10. Absolute displacement field in the top right comer of the 2D model with a) theoretical and 











Local mesh refinement 
As for the 1D model, it can be seen that gradual mesh density change as implemented 
in this case leads to a deterioration of the displacement field. This confirms that gradual 
change of mesh density with ties is not a viable option to achieve local mesh 
refinement. 
6.5. Conclusions 
The study of 1D models with abrupt change in density shows that the reflection is due 
to the change in impedance and the tie of the meshes. It is shown that the reflection due 
to the impedance change can be predicted using results from Chapter 5. This part of the 
reflection can be adjusted so that the overall reflection is zero for both wave types in 
the 1D model. In such case, it has the same amplitude but opposite phase as the part 
due to the tie of the meshes. 2D models show that this adjustment of the impedance 
leads to a significant reduction in the reflection at 0 and 90 degrees of incidence but 
that it is still noticeable at other angles of propagation different to the ones simulated 
in the 1D model (0 and 90 degrees). It is unlikely that it is possible to remove the 
reflection for all angles using this method. The contribution of the impedance change 
and tie at 0 degrees for a range of combination of mesh density in cases where 
theoretical material properties are used are presented in Tables 6.1 and 6.2. It gives 
modellers an estimate of the amplitude of reflection to expect if the technique is used 
and shows that the amplitude, although not negligible, is limited. 
As the impedance reflection can be made equal to zero at a given angle and as the tie 
is the main contributor to the reflection, the idea of reducing the reflection due to the 
tie by using a gradual change in mesh density is investigated. The gradual change in 
mesh density is achieved by using a series of layers of varying mesh densities between 
the 2 meshes. Results from the 1D and 2D models show that this technique does not 
reduce the reflection significantly and causes localized numerical problems close to the 
interface although there is room for more detailed parametric studies. 
Overall, local mesh refinement of a square mesh as implemented in this chapter with 
an abrupt change in mesh density has shown to work correctly but generates reflection 
at the interface. This can be an acceptable configuration in some cases. In other cases, 
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the use of an automatically generated modified quadratic triangular mesh (which does 




7.1. Review of thesis 
The work in this thesis investigates ways of improving elastic wave modelling in 
isotropic solids using commercially available FE packages. The focus is on developing 
new techniques as well as gaining a better understanding of the existing techniques. 
Knowledge of the interaction of waves with defects and structural features is crucial in 
order to develop satisfactory ultrasonic NDT applications. As applications are 
developed for increasingly challenging situations, the use of numerical modelling has 
proved in many cases to be the most effective and cost efficient way of assessing 
potential problems early in the development process. Despite the exponential increase 
in computational capacities in recent years, there are many cases which remain out of 
reach. 
The choice of commercially available FE packages is motivated by the fact that they 
enable new techniques to be quickly transferred to industry where these products are 
already or could easily be available and where a specific unsupported research code 
would be difficult to maintain. 
Chapter 2 presents the theoretical basis of the bulk and guided wave propagation 
phenomena modelled in this work. Details of the numerical scheme used in this work 
are provided. 
The implementation of the radiation of waves outside the area of study is studied in 
Chapter 3. Following the assessment of the available techniques, 2 types of absorbing 
layers are selected: Perfectly Matched Layers (PML) and Absorbing Layers Using 
Increasing Damping (ALID). The implementation of both methods is discussed. It is 
shown that the correct definition of layers parameters is crucial to the achievement of 
numerical efficiency. Analytical models are developed in order to facilitate the 
determination of these parameters for bulk wave and 2D plate guided wave problems. 




Demonstrator cases for bulk and guided waves are developed to demonstrate gains 
achieved by the use of the techniques. The procedure of time domain reconstruction of 
frequency domain results is explained and validated. The ease of use of the frequency 
domain method to obtain reflection coefficient curves is presented and results are 
compared with published results. 
In Chapter 4, the influence of meshing parameters on the wave propagation velocities 
in an elastic isotropic medium is investigated. Longitudinal and shear wave 
propagation are considered. The impact of the time step, mesh density and angle of 
propagation is studied for a range of element types with time domain models solved 
with an explicit scheme. The impact of the mesh density and angle of propagation is 
studied in a similar way for a range of element types with frequency domain models 
solved with an implicit scheme. Steady state is modelled in both cases using a time 
domain explicit solver and a frequency domain implicit solver. The consequence of 
element deformation is looked into. 
In Chapter 5, a range of defects is modelled: straight edges, straight cracks at an angle 
of 80 degrees of various lengths and circular holes of various diameters. Longitudinal 
and shear wave propagations are considered. For each case, the mesh density is 
gradually refined to a very fine level in order to obtain a reference. Steady state for 
explicit and implicit solvers is achieved in the same way as in the previous chapter. 
Two meshing methods are compared. Automatically generated meshes made of 
triangular elements and regular meshes made of square elements are assessed. 
The use of local mesh refinement techniques in regular square meshes is investigated 
in Chapter 6. One method investigated consists in tying together 2 meshes of different 
mesh densities. 1D and 2D models are used to evaluate the technique. Results obtained 
in Chapter 4 are used to improve the performance of the technique. The second method 
investigated achieves the mesh density change gradually through the use of a series of 
tied layers. The performance of this method is measured using 1D and 2D models. 
7.2. Summary of findings 
7.2.1 Absorbing layers 
The study of PML and ALID in wave propagation models has shown that a significant 




models provide a fast and efficient way of defining the layer's parameters and therefore 
offer a significant improvement over trial and error methods. Demonstrator cases have 
highlighted the gains obtained by using ALID or PML and have also shown that PML 
achieves smaller model sizes than ALID. This can be explained by the fact that with 
PML the layer matches the impedance of the area of study perfectly whereas for the 
ALID the strength of the decay is limited by the impedance change it causes. As a 
consequence, for a given case, ALID is generally thicker than PML. It is also more 
sensitive to waves incident at high angles, leading to a necessary increase of the area 
of study in order to minimize the model size. As the aim is to stretch modelling 
capabilities, this gives an advantage to the PML technique but it has to be balanced by 
the fact that, to our knowledge at the time of writing, COMSOL is the only mainstream 
FE package that allows implementation of PML. The implementation is limited to 
frequency domain solving with implicit solvers whereas ALID can be implemented to 
be used with any FE package which allows Rayleigh damping. The actual performance 
comparison depends on the type of result required. 
A user wishing to obtain frequency domain results such as the reflection coefficient 
from a defect has a choice of directly using either PML or ALID. The two best 
combinations investigated are ABAQUS with ALID and COMSOL with PML. 
ABAQUS models were solved using the "Direct-solution steady-state dynamic 
analysis" procedure of ABAQUS/Standard which uses a direct implicit solver. 
COMSOL offers a range of direct and iterative implicit solvers. Direct solvers have 
proved to be robust and efficient but limited in term of the number of degrees of 
freedom that can be solved. Iterative solvers showed improvement in terms of speed 
and memory but convergence proved difficult. Overall, in our experience, using 
COMSOL 3.2 and ABAQUS 6.6, COMSOL did not match the performance of 
ABAQUS for a given number of degrees of freedom. Given these two combinations it 
is therefore not possible to clearly recommend one of them, as the best solution 
depends on the specific details of the model considered. 
For time domain results, the most straightforward approach is to use ABAQUS/ 
Explicit with ALID. The explicit solver of ABAQUS uses the central difference 
algorithm. It is particularly attractive for large models as it is faster and more memory 
efficient than an implicit solver. This technique is recommended for most cases where 




domain and reconstruct the time domain results by performing an inverse Fourier 
transform. 
7.2.2 Influence of mesh parameters on the elastic bulk wave velocities 
The study of reduced integration linear quadrilateral elements solved with an explicit 
solver showed the influence of the scaled Courant number CFLX and mesh density N 
on the velocity. Patterns were identified. These permitted rules to be defined to 
evaluate with high accuracy the amplitude of the velocity error at any angle, any scaled 
Courant number and for a mesh density higher than 6. Following this, the study of 
deformed elements highlighted that the maximum error in a mesh could be predicted 
using the rules defined for square elements. This indicates that this element type can 
cope well with being deformed. 
With linear equilateral triangular elements, it was demonstrated that the error could be 
correctly predicted using rules established for quadrilateral elements along the 
altitudes and element sides for longitudinal waves and along the element sides for shear 
waves. The influence of the scaled Courant number CFLX and mesh density N was 
confirmed at these positions and wave types. A zero error was measured for shear 
waves along the altitudes of the triangular elements. Deformed mesh cases showed that 
this element type is sensitive to high levels of deformation as the predicted error was 
more than tripled in one case (16.4% instead of 4.8%). 
Modified quadratic equilateral triangular elements proved to have a close to constant 
error against the angle for a given Nwhen being solved with a low CFL. The amplitude 
of the error was in line with the one observed with linear elements. The influence of 
CFLX and N was demonstrated to be similar to previous cases. Modified quadratic 
triangular elements were shown to cope well with being deformed like linear 
quadrilateral elements and unlike linear triangular elements. For implicit solving, full 
integration linear square element results for longitudinal waves showed very good 
agreement with those obtained with reduced integration elements and the explicit 
solver. For shear waves, the plot had the same shape but the error was marginally 
smaller (factor of 0.75). Deformation of elements showed similar results to the reduced 
integration explicit case except that the reduction in error compared to the prediction 
was more pronounced with fully integrated elements. Therefore, fully integrated 




quadratic quadrilateral elements proved to strongly reduce the velocity error. Rules 
established in previous cases could not be applied to this case but given that the 
velocity error is less than 0.5% for a mesh density higher than 8, it can be understood 
that the velocity error with this type of element is not a cause for concern. Deformation 
of elements did not prove to be a problem. 
Linear and modified quadratic elements results for the implicit case matched almost 
exactly results obtained with the explicit solver. Quadratic equilateral triangular 
elements were shown to lead to low velocity error as were quadratic square elements, 
but proved to be sensitive to high levels of deformation in the same way as linear 
triangular elements. 
Overall, the influence of the solver is ruled out as element type is the factor 
determining the velocity error. Unlike quadrilateral elements, all triangular elements 
apart from modified quadratic ones were shown to be sensitive to element deformation. 
This justifies why automatic meshing algorithms seek to minimize the deformation and 
why modellers need to exercise caution when using triangular elements. 
The angle of propagation in a regular mesh was shown to play an important part in the 
amplitude of the velocity error as it leads to a non-negligible variation. 
The mesh density was shown to be the driving factor influencing the velocity error for 
all element types. The influence is not so remarkable for quadratic elements as the 
velocity is highly accurate for any mesh density. For linear and modified quadratic 
elements, its influence is much stronger. 
7.2.3 Accurate modelling of complex defects using Finite Elements 
This study has highlighted the challenges of modelling a range of defects. The use of 
a regular mesh was shown to perform very well to model a straight edge when aligned 
with the mesh, but its limitations were demonstrated when modelling features whose 
geometry does not follow the grid exactly. The issue of correctly dimensioning a 
feature in a fixed grid was highlighted and can be easily resolved by adjusting the mesh 
density to fit the size of the defect. It was demonstrated that this is not the main issue 
influencing the quality of results. The stair-cased definition of the edges of defects 
proved to be the crucial parameter influencing the quality of results. Even with large 




waves. Therefore, the regular mesh approach can only be used with extremely fine 
meshes (N>=30). 
Triangular meshes generated by the free meshing algorithm have proved to perform 
well in most cases. The fact that the element size is not exactly constant did not cause 
a deterioration of results. Dimensioning of the defect was better than with the regular 
square mesh approach. Straight defects were defined exactly. Circular defects were 
well defined in all cases; this was helped by the curvature control which in fact 
provided a local mesh refinement in the case where a small hole was modelled. 
Quadratic and modified quadratic elements proved to perform better in situations 
where only a limited number of nodes defined a defect. 
7.2.4 Local mesh refinement 
The study of 1D models with an abrupt change in density shows that the reflection is 
due to the change in impedance and the tie of the meshes. It is shown that the reflection 
due to the impedance change can be predicted using results from Chapter 4. This part 
of the reflection can be adjusted so that the overall reflection is zero for both wave 
types in the 1D model. In such case, it has the same amplitude but opposite phase as 
the part due to the tie of the meshes. 2D models show that this adjustment of the 
impedance leads to a significant reduction in the reflection at 0 and 90 degrees of 
incidence but that it is still noticeable at other angles of propagation different to the 
ones simulated in the 1D model (0 and 90 degrees). It is unlikely that it is possible to 
remove the reflection for all angles using this method. The contribution of the 
impedance change and tie at 0 degrees for a range of combination of mesh densities in 
cases where theoretical material properties are used are presented for reference in 
Chapter 6. It gives modellers an estimate of the amplitude of reflection to expect if the 
technique is used and shows that the amplitude, although not negligible, is limited. 
As the impedance reflection can be made equal to zero at a given angle and as the tie 
is the main contributor to the reflection, the idea of reducing the reflection due to the 
tie by using a gradual change in mesh density is investigated. The gradual change in 
mesh density is achieved by using a series of layers of varying mesh densities between 
the two meshes. Results from the 1D and 2D models show that this technique does not 





Overall, local mesh refinement of a square mesh as implemented in this chapter with 
an abrupt change in mesh density has shown to work correctly but generates reflection 
at the interface. This can be an acceptable configuration in some cases. In other cases, 
the use of an automatically generated modified quadratic triangular mesh (without ties) 
is likely to be the best option. 
7.3. Future work 
7.3.1 Absorbing layers 
It is mentioned that mass and stiffness proportional damping can be used in ALID. As 
stiffness proportional damping can lead to a dramatic reduction in the time increment 
in an explicit scheme, only mass proportional damping is used. For the implicit 
scheme, this is not the case and the simultaneous use of both damping types may lead 
to increased performance and could be investigated. 
The bulk wave analytical models are valid for all cases (up to 3D) but the guided wave 
model is only valid for 2D plates. It would be beneficial to develop similar models for 
other guiding structures. In particular, in the field of Structural Health Monitoring 
(SHM), the development of a model for 3D plates would be of particular interest. In a 
similar way, a pipe analytical model would enable the creation of absorbing layers for 
this type of system. 
Models using PML with viscoelastic materials will need to be investigated as PML 
proved to perform poorly when evanescent waves are present. 
7.3.2 Influence of mesh parameters on the elastic bulk wave velocities 
The work presented in this thesis is limited to a range of 2D plane strain elements. The 
study of other element types would increase the scope of the current study. It would be 
of particular interest to perform 3D elements studies. 
As there are subtle differences in the way packages are implemented, small differences 
may exist between packages. Reproducing some of the models presented in this thesis 
with other FE packages should show that the results presented here can be used for 
other packages. It should be noted that despite this, it is expected that the principles 




Another aspect that would require additional work is the investigation of irregular 
triangular element meshes such as those generated by automatic algorithms. Regarding 
this, it would be beneficial to evaluate whether the irregularity of the mesh causes some 
noise. If this occurs, the level of noise should be quantified. 
7.3.3 Accurate modelling of complex defects using Finite Elements 
It would be interesting to continue the present study by investigating more complex 
defects, as it was noted that automatic triangular element meshing of high curvature 
surfaces or short linear segments by free meshing algorithms leads to an increase in 
mesh density in their vicinity. The investigation of this phenomenon for critical cases 
may enable advances in the modelling of complex defects. 
7.3.4 Local mesh refinement 
The local mesh refinement technique of regular quadrilateral meshes presented in this 
work did not lead to the achievement of extremely low amplitude reflection at the 
interface and it seems unlikely that it would be possible to achieve it. The use of 
automatically generated meshes made of triangular elements seems to be the most 
promising technique for the achievement of local mesh refinement. Indeed, based on 
results obtained in Chapter 5, no numerical problem was noticed when mesh 
refinement in a triangular mesh was applied by the free meshing algorithm to define 
small circular defects. As it is expected that numerical problems will occur in extreme 
cases of mesh refinement, it would be interesting to determine the limits of this 
particular refinement technique. 
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